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E-mail address: Patrick.franciosi@univ-paris13.frThe author and his co-workers have recently shown that for materials with several to all co-continuous
phases, effective elastic moduli were well approached from microstructure descriptions combining ‘‘lam-
inate and ﬁbre systems’’ as introduced in the seventies and that, provided either a moduli or a compliance
approach, laminate systems were likely to describe materials with either all co-continuous or all co-dis-
continuous phases (sample spanning clusters of all or of none phases resp.). Aside of aggregate assem-
blages or of inclusion/matrix structures, they represent two other important classes of material
architectures. The effective properties of such ‘‘co-(dis) continuous composites’’ for short, as described
by laminate systems, are here examined in the enlarged context of coupled Magneto-Electro-Elastic
(MEE) properties in overall transversal isotropy (TI). One illustrates and comments in the two-phase case
signiﬁcant comparisons of property estimates from laminates systems (LS) with the extensions to the
MEE context of the classical Hashin–Shtrikman (H–S) and Self-Consistent (S-C) estimate types in the sim-
plest but representative situation of axially ﬁbered composites along the TI symmetry axis. The here
pointed importance of the introduced two LS estimates is that, while for two phases, the H–S estimate
types correspond with two of the only four possible phase arrangements, the LS estimate types corre-
spond with the two other ones. As a consequence, provided the occurrence probability of each of the four
arrangements, using all four (H–S and LS) estimate types as extended for a given coupling context must
allow to approaching the effective properties of any two-phase mixture in this coupling context. In sup-
port to this claim, a simple example is given, anticipating a forthcoming paper to be fully dedicated to this
opened new way for modeling and tuning, from two to more phases, the effective properties of complex
architectures.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
A lot of work is still being devoted to develop the homogeniza-
tion formalism and theory to the study of mechanical or physical
effective properties in heterogeneous media, both towards proper-
ties of general anisotropy and towards multiply-coupled
situations. For the more common structure types such as inclu-
sion-reinforced matrices or granular aggregates for example, one
ﬁnds increasingly many works extending to coupled properties
the classical microstructure-based models of Hashin and Shtrik-
man (1963), Mori and Tanaka (1973) or Kröner Self-Consistent
scheme (1961), so allowing innovative architectures of multi-
functional materials to be conceived. However, these classical
analytical models as well as their more advanced improvements
do not apply to estimating properties of materials having co-
continuous (simultaneously sample spanning) phases with regard
to all directions of space, or conversely with no phase beingll rights reserved.3D-continuous throughout representative volume elements
(co-discontinuous phases, co-discontinuous composites for short).
As thoroughly commented in Franciosi et al. (2011) with many
references reported, a lot of models for estimating effective elastic,
electric or other properties for (isotropic or not) materials with
multi-directionally co-continuous phases exist. They are based on
rheological descriptions combining series and parallel arrange-
ments of the phases (e.g. Fan, 1995), or make use of ﬁnite element
methods or other computational techniques based on elaborated
meshing or space-partitioning procedures (e.g. Chen et al., 2008),
also with special efforts in order to account for bending and torsion
characteristics, due to strut-like elements (e.g. Warren and
Kraynik, 1997). But co-continuous structures have not been the
matter of many examinations in the homogenization context. At
the other end, to the author’s knowledge, studies speciﬁcally
devoted to materials with co-discontinuous phases are totally
missing in the literature.
As a consequence, these important classes of material struc-
tures still suffer a lack of relevant modeling frameworks even in
the simplest cases of isolated (uncoupled) and highly symmetric
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(1974) and Christensen and Walls (1972) in an elastic isotropic
context. Yet, these works have shown that classes of so-called
platelet (laminate) or ﬁbre systems, obtained from particular
spatial averaging of the effective moduli of directionally laminated
or ﬁbered structures, were likely to provide relevant effective
property estimates for structures with omni-directionally co-
continuous phases as deﬁned above. This relevancy has been re-
examined and conﬁrmed in Franciosi et al. (2011), for a variety
of material structures, and a proof that moduli (resp. compliance)
estimates from laminate systems do correspond to composite with
co-continuous (resp. co-discontinuous) phases has been given in
Franciosi and El Omri (2011) for two-phase composites. In the lat-
ter reference as well as in Franciosi (2012), realizable two-phase
assemblages corresponding to the descriptions of symmetric phase
co-continuity (resp. co-discontinuity) from laminate system
schemes have been exempliﬁed.
Phase co-(dis) continuity situations are present in most of com-
posite materials, whether they be functional materials with phys-
ical properties or structure materials for mechanical use, with
relative probabilities depending on the phase arrangement, as a
key architecture characteristic aside of inclusion-matrix situations.
Interest for estimating coupling effects between various properties
in terms of the phase arrangement covers large application do-
mains, from industrial to medical and farther, as when for example
exploiting the piezo-electric property of bones (Ramtani, 2008), a
typically bi-continuous structure. The control of phase connected-
ness in composites becomes a challenging goal especially when
property coupling are of concern. The present paper ﬁrst aims at
estimating in the context of transversally isotropic (TI) and coupled
properties of the Magneto-Electro-Elastic (MEE) type the effective
behavior of composite materials with co-(dis) continuous phases.
The estimates are performed from the previously introduced Lam-
inate System (LS) approach which allows to describing structures
with phase arrangements of overall ellipsoidal symmetry, by linear
transform from the isotropic symmetry case. In the case of two-
phase materials A, B on which this discussion is focused, phase
co-continuity and phase co-discontinuity represent two of the four
possible phase arrangements, aside the cases when A (resp. B) is
embedded (discontinuous) in B (resp. A) being continuous. If the
H–S estimates well represent the two latter arrangements, lami-
nate systems (LS) estimates have been shown relevant for the
two former ones.
A straightforward beneﬁt of the availability of these LS estimate
types, which will be the conclusive statement of the present work
and an opening on further developments, is that, given the occur-
rence probability of each of the four phase arrangements, using all
four H–S and LS estimate types must allow to approaching the
effective properties of any two-phase mixture in various coupling
contexts. This point, which opens far beyond the present scope,
will be given a simple example in anticipation to a fully dedicated
paper to come, which will also generalize the method from com-
posites of two phases to n-phase ones.
Back to the technical ground of the present scope, as all of the
here compared property estimates for two-phase composites,
effective properties from laminate systems of ellipsoidal symmetry
involve the twice-differentiated (strain or stress) Green operator
integral (Walpole, 1981) of same ellipsoidal symmetry related to
the appropriate reference medium. These operators, to be called
‘‘C-operators’’ in the following, which are uniform inside ellipsoi-
dal domains, are the key ones in the calculation of the general inte-
gral equation in homogenization theory. They will not be fully
reintroduced here. This has been done very many times in the elas-
ticity context as for example in Franciosi and Lormand (2004),
where the here used Radon calculation method is also introduced,
while for the MEE-TI context here of concern, the extendedC-operators which will be of use here are introduced in Huang et
al. (2000) as well as in Zhang and Soh (2005).
It has thus been widely veriﬁed that provided the use of ex-
tended moduli or compliance tensors connecting extended stresses
to extended strains, these C- operators have their formal counter-
part in the extended framework of coupled properties and for med-
ia of general anisotropy, also accessible by powerful numerical
calculations as from Fast Fourier Transform technique (Brenner,
2010; Brenner and Bravo-Castillero, 2010) also thanks to an ele-
gant notation of easy use introduced in Barnett and Lothe (1975)
and Alshits et al. (1992). This now widely adopted notation, to be
recalled next, makes the extended MEE formalism analogous to
the rank-four elasticity one, provided that, for short, two of the four
tensor indices are made running up to ﬁve dimensions.
Indeed, facilitated by this notation convention, an important
quantity of works has been devoted to the extension for various
types of coupling of the fundamentals of the homogenization the-
ory as established from the elasticity context. When considering
coupling between sets of linear properties, the above mentioned
classical H–S, M–T or S-C estimates, the (Eshelby, 1957) inclusion
problem or also the (Levin, 1967) theorem for the thermal property
coupling have been veriﬁed to still hold in piezoelectric-, (piezo-
magnetic-) like and piezomagnetoelectric-like contexts when re-
phrased with the proper moduli and operator extension. Most of
the here cited work are signiﬁcant tributes to this ongoing effort
since (Li and Dunn, 1998a,b, 1999; Hori and Nemat-Nasser,
1998; Li, 1999, 2000) or (Huang et al., 2000), with in particular
and far from exhaustion (Chen et al., 2002, 2004; Lee et al., 2005;
Zhang and Soh, 2005; Shashidhar and Li, 2006; Bravo-Castillero
et al., 2008, 2009; Perez-Fernandez et al., 2009). Section 2 ﬁrst re-
calls, within the well established and not to be rephrased here
homogenization framework in mean ﬁelds and no interaction
approximations (Ponte-Castaneda and Willis, 1995; Bornert et al.,
1996; Buryachenko, 2001), the here used classical forms of the Ha-
shin–Shtrikman (H–S) estimates and of the Kroner Self-Consistent
(S-C) estimate, in the extended version for MEE coupling. As
pointed in Sevostianov and Katchanov (2002) for example, this
approximation provides a same building block for various (M–T,
H–S, SC, . . .) approximate schemes which only amounts to ‘‘placing
non interacting inclusions into some effective environment (ﬁeld
or matrix)’’. Applying to material properties which are mathemat-
ically elastic-like or dielectric-like, amounts to considering the
appropriately extended moduli tensor G and the related extended
C-operators.
As for the mechanical context, the MEE one involves an ex-
tended strain and an extended stress C-operator (Zeller and Dede-
richs, 1973), to be denoted respectively tVEllG and t
0VEll
G
here. In the
here used notation, the upper script indicates that they are associ-
ated to a reference ellipsoidal shape VEll (which will specialize as
Fx or Px, forx-oriented ﬁbers or platelets/laminates and the low-
er script speciﬁes that they are related to an inﬁnite medium of ex-
tended moduli (stiffnes) tensor G or extended compliance tensor
G ¼ G1. The rank of the C-operators is the same as the rank of
the ‘‘stiffness’’ and ‘‘compliance’’ tensors they are related with.
The strain’’ C-operator tVEllG , involved in the calculation of effective
stiffness, has compliance dimension and conversely the stress C-
operator t0Ell
G
has stiffness dimension. As established for elasticity
(Zeller and Dederichs, 1973), the extended strain and stress C-
operators are linked via dual relations t0VEll
G
¼ G  G : tVEllG : G and
tVEllG ¼ G  G : t0VEllG : G and the strain one tVEllG is directly connected
to the extended Eshelby tensors (Eshelby, 1957) eVEllG through the
moduli tensor G of the reference medium of concern as
eVEllG ¼ tVEllG : G. The MEE-extended Eshelby tensor for a circular
cylindrical inclusion in an isotropic matrix has been for example
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sions of shape V, the same relation holds at every point r interior
to V as eVGðrÞ ¼ tVGðrÞ : G and thus for the mean operator value over
V, say eVG ¼ tVG : G.
Section 2 next recalls the form of the effective property esti-
mates resulting from laminate systems (LS) schemes in the dual
moduli and compliance averaging procedures as presented in Fran-
ciosi and El Omri (2011), with also extending them to the MEE-TI
context.
An important property of use in the following is that, while the
H–S estimate types have a same generic form for any phase num-
ber nP 2 which also holds for the S-C estimate type as a particular
case, the n-phase LS estimates can be shown to also obey this gen-
eric form. This form refers to an equivalent material of n + 1 phases,
obtained from adding in inﬁnitesimal concentration the appropri-
ate n + 1th reference matrix phase for each estimate: the compared
estimates ﬁnally only differ owing to this n + 1th inﬁnitesimal ma-
trix, given the group of the n assembled phases with their relative
concentrations and given the ellipsoidal symmetry characterizing
both the inclusion shape and spatial distribution.
Thus, all the estimates here considered which are to be com-
pared for two-phase composite also have a form which involves
a characteristic third inﬁnitesimal matrix phase. But it is worth
to insist that this work does not address general three-phase com-
posites as for example speciﬁcally considered in Li (1999) or Lee et
al. (2005).
Now, the LS estimate types also have, as they are deﬁned, an-
other totally different generic relation (Franciosi and El Omri,
2011), which take particularly simple (dual) forms when n = 2, a
form which is shared with, and only with, the S-C estimate type
(Franciosi, 2012).
Section 2 ﬁnally presents these different estimate forms for
n-phase composites and their specializations for the two-phase
composite materials which are the purpose of the present work.
Section 3 then summarizes the calculation of the strain C-operator
for TI media in the case of MEE coupling which of course includes
all solutions for ME, ME, EE sub-cases and for the uncoupled M, E, E
more usual problems. For these calculations we make use of the
Radon transform method (Gel’fand et al., 1966), generalizing the
procedure used in Franciosi and Lormand (2004) and Franciosi
(2005, 2010) in isotropic elastic-like or dielectric-like media with-
out phase coupling but for various inclusion and patterns shapes.
From this approach, the strain C-operator tVEllG for any ellipsoidal
symmetry in a medium of moduli G is formally obtained, more
or less easily according to the case, from an integral over all direc-
tions in space of the solution for the key platelet/laminate C-oper-
ator tPxG ¼ tPGðxÞ of general x-oriented normal, which is an exact
solution that we report at ﬁrst. Most of the C-operators (or Eshelby
tensors) for axial or transverse laminates, ﬁbres and spheroids in TI
media have now been reported in literature at least for ME and EE
coupling, from which the MEE derives with more or less severe
technical difﬁculties (Li and Dunn, 1998a,b, 1999; Huang et al.,
1998, 2000; Mikata, 2000, 2001; Chen et al., 2002; Hou and Leung,
2004; Sevostianov et al., 2005; Zhang and Soh, 2005; Buroni and
Saez, 2010). The stress C-operators t0VEll
G
of interest for the compli-
ance laminate systems will be derived from the related strain ones.
Although it is not an essential point of the present work, this Radon
method (partly used in Buroni and Saez (2010)) provides an alter-
native to the already proposed explicit calculations of operators,
which may be of simpler use in certain cases, as incidentally
pointed.
Section 4 develops the main points of the present work. The
detailed examination of the effective properties for co-(dis) contin-
uous phases as represented by the LS estimates is focused on the
cases of axially ﬁbered two-phase structures (e.g. parallel to thecommon symmetry axis of the TI phase properties) with transver-
sal isotropy of the phase arrangement. The solutions for transver-
sally elliptic symmetry are fully given but not analyzed (inﬁnite
aspect ratio of the elliptic cross section yields the exact solution
for laminates with transversally oriented normal). The basic exact
case of laminates with axially oriented normal is also reported for
reference. Some other formal solutions are given in Appendix C (for
axially spheroidal overall symmetry and for ﬁbered symmetry of
general orientation, a case which did not show up in the literature
so far, again to the author knowledge). Section 4.1 reports general
comparisons between the LS estimate types and the classical H–S
and S-C ones, Section 4.2 quantitatively illustrates these compari-
sons and Section 4.3 presents the proposed description of general
two-phase architectures from the knowledge of the LS estimate
types with the H–S ones. Section 5 brieﬂy concludes.2. Effective Magneto-Electro-Elastic properties from Laminate
Systems
2.1. The different moduli estimates here of concern
Lets G be the extended moduli tensor for some MEE inﬁnite
medium and n phases (i) be assembled in the ‘‘matrix G’’ under
the form of inclusions of shape VEll(i). The extended strain C-
operator related to the interior of an ellipsoidal domain VEll(i) in
this MEE medium will be denoted tVEllðiÞG . As for elastic properties,
in the mean ﬁeld and non interaction approximation, the ‘‘matrix
G’’ is the effective environment which characterizes some approx-
imation scheme for estimating the effective properties of such a
n + 1-phase assemblage with this scheme. The choice of the rele-
vant scheme is oriented by the characteristics of the phase
assemblage.
In the following, the notation convention is to denote GeffMðmÞVEllðnÞ
the effective extended moduli tensor resulting from a model ‘‘M’’
applying on a n + 1 phase structure (a,b, . . . ,n,m) where the phase
m plays the particular ‘‘reference’’ matrix role (if the reference
phase needs not be mentioned, it will not). According to the two-
point statistics framework of Ponte-Castaneda and Willis (1995),
the spatial distribution of the centres of all the inclusions is also as-
sumed of ellipsoidal symmetry of shape VEll such as to also be rep-
resented by the extended strain C-operator tVEllG . In this framework,
the request for a possible total space ﬁlling by the assembled inclu-
sions (and thus a n + 1th matrix phase going down to inﬁnitesimal)
is to have all inclusions being congruent and homothetically dis-
tributed in space with regard to their shape, say tVEllðiÞG ¼ tVEllG for
all i 2 (1,n).
In our notation convention, a strain C-operator related to a
medium of moduli GeffMðmÞVEllðnÞ and corresponding to an ellipsoidal
shape possibly different from VEll, VEll0 say, will be denoted
tVEll0
GeffMðmÞ
VEll
and the dual stress C-operator will be denoted tVEll0
GeffMðmÞ
VEll
. This
notation may look a little bit ‘‘heavy’’ but it is in fact of simple
and direct understanding. Apart of the generic VEll, VEll0 ellipsoids,
the main shapes possibly appearing all along will be mainly x-ori-
ented ﬁbres (Fib or Cyl) or laminates (Lam) and in a few circum-
stances, spheres (Sph) or spheroids of aspect ratio f(Sphf).
We use these notations in mean ﬁeld and non-interaction
approximations, considering n families of all congruent inclusions
shapes in shape-homothetic spatial distribution, with moduli Gi
and concentrations fi in a reinforced matrix of moduli Gm and con-
centration fm ¼ 1
Pn
i¼1fi. We note DG
i ¼ ðGm  GiÞ1 the inverse
of the tensor difference (Gm  Gi) in which Gm represents the refer-
ence matrix phase from which are deﬁned the strain C-operator
tVEllGm involved in the estimate form and calculation. As a ﬁrst well
known example of property estimate that has been veriﬁed to
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Mori–Tanaka (M–T) model (1973) – which is in general wrong
(since violating tensor symmetries) for not all congruent inclu-
sions, see (Benveniste et al., 1991; Li, 1999) – equals the H–S esti-
mate for the same matrix phase and yields effective extended
properties as classically given by Ponte-Castaneda and Willis
(1995):
GeffMTðmÞVEllðnÞ ¼ GeffHSðmÞVEllðnÞ
¼ Gm 
Xn
i¼1
fi DG
i  tVEllGm
 1 !1
þ tVEllGm
0
@
1
A
1
¼ Gm 
Xn
i¼1
fiDG
i : Lie: ð1aÞ
Eq. (1a) is the MEE-extended form of the M–T estimate for the ma-
trix phase (m) which coincides with the MEE-extended form of the
Hashin–Shtrikman (H–S) estimate for this matrix (Hashin and
Shtrikman, 1963). Using as the matrix phase in Eq. (1a) either the
harder or the softer of the n + 1 assembled phases yields respec-
tively the upper and the lower bounds of the MEE-extended H–S
type, which are ﬁrst order bounds deﬁned for uncoupled properties.
Narrower bounds than the H–S ones resulting from property cou-
pling have been investigated in several works, as in Berryman and
Milton (1988), Gibianski and Torquato (1995) and Sevostianov
and Katchanov (2002). It appears that in certain cases when some
of the properties are ﬁxed, the bounds on some of the other proper-
ties can be narrowed in substantial manner. But these consider-
ations cannot and need not be entered in the present scope since
there are n estimates and two bounds of any given type what makes
estimates and bounds coincide when n = 2 such that strictly speak-
ing H–S bounds are not of concern in the present scope dedicated to
two-phase composites. However, as for bounds deﬁnition, any esti-
mate comparison always needs to be performed in terms of tensor
eigenvalues.1
For congruent grains in aggregates and with phase properties
consistent with the overall (here TI) symmetry of the material,
the Self-Consistent (S-C) approximation (see Kröner, 1961) extends
to the MEE context as fully developed in Zhang and Soh (2005).
This MEE-extended S-C estimate, which also in general does not
fulﬁl the basic tensor symmetries for non all congruent grains
(Benveniste et al., 1991; Li, 1999) corresponds as in the elasticity
context to a n + 1th matrix of inﬁnitesimal concentration whose
properties are the effective ones of the aggregate, say Gm ¼ GeffSCVEll .
In Eq. (1a), it thus corresponds to effective extended properties
which fulﬁl GeffSCVEll  Gm ¼ GeffSCVEll  GeffSCVEll ¼ 0 that is:
Xn
i¼1
fi DG
iSC
VEll  tVEllGeffSC
VEll
 1
¼ 0 with DGiSCVEll ¼ GeffSCVEll  Gi
 1
: ð1bÞ
For the S-C estimate type, the notation needs not mention the ref-
erence matrix since it is the effective material itself. The implicit
Eq. (1b) where the strain C-operator tVEll
GeffSC
VEll
depends on the effective
properties GeffSCVEll is generally solved by numerical iteration from Eq.
(1a) taking fm? 0 for the reference n + 1th matrix phase and step-
wise using for the matrix phase moduli the effective moduli ob-
tained at the previous nth iteration (from an arbitrary but
admissible initiating choice). The stationary solution for this S-C
estimate corresponds with the effective equivalent medium being
the reference matrix phase with inﬁnitesimal concentration. Con-1 A phase is not necessarily the stiffest or the more compliant with regard to all the
moduli, especially in coupled property contexts. Thus, neither all upper nor all lower
bounds in terms of each modulus eigenvalue necessarily belong to a same phase in
general.vergence may be more or less slow to reach and a satisfying accu-
racy demands to correctly set the iterative procedure.
The (fully symmetric and positive deﬁnite) strain C-operator
tVEllG characteristic of the ellipsoid VEll in the medium of moduli G
directly enters all these estimate forms of effective properties,
which have been already intensively considered in various MEE
contexts and for differently anisotropic symmetries for the proper-
ties of the reference matrix on which the C-operators depend, as
referenced. Eqs. (1) simplify, whatever the considered property
coupling are, for two-phase materials (a,b) since faL
a
e þ fbLbe ¼ I.
Speciﬁcally, the MEE-extended S-C approximation of Eq. (1b) also
takes for two-phase materials the implicit form pointed for elastic-
ity in Franciosi et al. (2011), with hGi = faGa + fbGb the Voigt approx-
imation for the material moduli2:
GeffSCVEllða;bÞ ¼ hGi þ GeffSCVEllða;bÞ  Ga
 
: tVEll
GeffSC
VEllða;bÞ
: GeffSCVEllða;bÞ  Gb
 
: ð1cÞ
Now, laminated composites (layered structures) are a special limit
case of composites for which effective elastic properties have a well
known exact solution which does not need any Green or Eshelby
tensor calculation (Walpole, 1981; El Omri et al., 2000). This solu-
tion from stress equilibrium and strain compatibility conditions at
the layer interfaces has been extended in Chen et al. (2002) for
the MEE coupling from the elastic framework and exempliﬁed for
a two-phase composite with layers normal to the material symme-
try axis. The generic form of Eq. (1a) which holds for any ellipsoid
applies in particular for laminates/platelets as the limit of inﬁnitely
oblate spheroids, using instead of tVEllGm the appropriate strain C-
operator tpðxÞGm , where x stands for the orientation of the normal to
the layers. At this laminate limit, the two MEE-extended H–S
bounds become superimposed (no matter how many phases are
piled, each one possibly acting equivalently as the reference ma-
trix). Thus, all other admissible estimates fulﬁl these bounds and
equal the common exact solution, as it is the case for the MEE-ex-
tended S-C and M–T models previously mentioned as well as for
the MEE-extended LS (moduli and compliance) estimates here of
concern and to appear in the following. Essential, if not all, proper-
ties of such a layered structure result from calculating the involved
laminate strain C-operator tpðxÞGm . For a two-phase material (a,b)
which is laminated normally to a general x direction with regard
to some material frame x1, x2, x3, one can also write this solution
with as reference phase a third (inﬁnitesimal) matrix phase of mod-
uli {G} = fbGa + faGb, say the Voigt approximation for the (a,b) mate-
rial of inverted concentrations, that may be called the ‘‘harmonic
material’’. The exact solution has been shown in Franciosi and El
Omri (2011) to take a simple form, the MEE-extension of which
simply reads:
GeffLamða;bÞðxÞ ¼ hGi  fafbðGa  GbÞ : tpx

fGg : ðGa  GbÞ
¼ hGi þ ðfGg  GaÞ : tpxfGg : ðfGg  GbÞ: ð2aÞ
The tpx

fGg ¼ tpfGgðxÞ operator is the laminate strain C-operator for
the MEE reference medium of moduli {G} which holds for any x-
orientation of the phase lamination in it.
It is again noteworthy to insist on a few properties of these dif-
ferent estimate types which hold in the MEE context:
– Eq. (1a) holds for any ellipsoidal shape and thus for x-oriented
laminates of any phase number n, regardless of which n + 1th
matrix of moduli Gm is used, " fm, just substituting tVEllGm with
tpx

Gm ;2 It is easy to verify that applying an iterative procedure on Eq. (1c) rather than on
Eq. (1a), with n = 2, also yields the S-C two-phase approximation, with the advantage
of no tensor inversion steps.
Fig. 1. The inﬁnitesimal wrapping matrix for the compared two-phase ﬁbre arrangements: (a) of phase a (resp. b) moduli for the HSa (resp. HSb) estimate and of effective
properties for the S-C estimate; of (b) Voigt and (c) Reuss harmonic properties for the bi-continuous and bi-discontinuous arrangements.
3 Symmetry is ensured by deﬁnition while positiveness may need appropriate sign
convention as shown in Buroni and Saez (2010).
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with using the effective equivalent medium itself as the n + 1th
reference inﬁnitesimal matrix, say taking Gm ¼ GeffSCVEll with
fm? 0;
– On the contrary, Eqs. (1c) and (2a) only hold for two-phase
materials (a,b), a speciﬁc third inﬁnitesimal matrix phase hav-
ing been introduced in each case, say GeffSCVEllða;bÞ and {G}
respectively.
The deﬁnition of a moduli-type Laminate System (mLS) esti-
mate for two-phase materials is, for any ellipsoidal symmetry of
a structure of concern, the weighted integral of the effective mod-
uli for a x-oriented laminate as given by Eq. (2a) over all the
choicesx for x on the unit sphereX in R3, with a weight function
wEllV ðxÞ representing the structure ellipsoidal symmetry. In the
MEE-extended context, this integral reads:
GeffmLSVEll ¼
Z
X
GeffLamða;bÞðxÞwEllV ðxÞdx ¼ hGi  fafbðGa  GbÞ
:
Z
X
tpfGgðxÞwEllV ðxÞdx
 
: ðGa  GbÞ
¼ hGi þ ðfGg  GaÞ : tVEllfGg : ðfGg  GbÞ: ð2bÞ
The main argument to consider this mLS moduli estimate as rele-
vant for two-phase materials with both phases being three-dimen-
sionally continuous throughout the whole material (coexisting
sample spanning clusters of both phases) is that Eq. (2b) has been
shown equivalent to writing:
GeffmLSVEll ¼ fGg  fa ðfGg  GaÞ1  tVEllfGg
 1
þfb ðfGg  GbÞ1  tVEllfGg
 11
þ tVEllfGg
!1
; ð2cÞ
where the material appears as a three-phase one, with an inﬁnites-
imal ‘‘wrapping matrix’’ of (Voigt-type) moduli tensor {G} embed-
ding the congruent ellipsoidal domains of phase a and phase b.
This wrapping matrix, where the dense phase is the dilute one of
the bulk and conversely, ensures the long distance connexions be-
tween isolated domains of the dilute phase down to null bulk con-
centration. This characteristic of the reference matrix is to be
compared with the one in the S-C approximation case where the
n + 1 inﬁnitesimal wrapping matrix phase has the moduli of the
homogenous equivalent material itself. It is also to be compared
with the matrix characteristic in the H–S estimates where the
n + 1th inﬁnitesimal wrapping matrix has trivially the moduli of
the ‘‘true’’ inclusion-reinforced matrix of the composite.This is exempliﬁed in Fig. 1 for the ﬁber situations which will be
of applicative concern in Section 4: the reported examples of two-
phase arrangements (to be explicated in Section 4) only differ by
the third ‘‘wrapping’’ reference matrix phase, of inﬁnitesimal
concentration.
Now, one can also express the effective moduli of the general
laminate of Eq. (2a) from inverting the effective extended compli-
ance forms ðG ¼ G1Þ, say, with fGg ¼ fbGa þ faGb:
GeffLamða;bÞðxÞ ¼ hGi  fafbðGa  GbÞ : t0px

fGg : ðG
a  GbÞ
¼ hGi þ ðfGg  GaÞ : t0pxfGg : ðfGg  G
bÞ; ð3aÞ
Integrating as in Eq. (2b) over the unit sphere X in using the same
weight function wEllV ðxÞ for the same ellipsoidal symmetry, yields
for the MEE context the compliance type (cLS say) of the Laminate
System estimate as:
GeffcLSVEll ¼ ðhGi  fafbðGa  GbÞ : t0VEllfGg : ðG
a  GbÞÞ1
¼ ðhGi þ ðfGg  GaÞ : t0VEllfGg : ðfGg  G
bÞÞ1; ð3bÞ
where t0VEllfGg ¼ fGg  fGg : tVEllfGg : fGg. Eq. (3b) is the dual form of Eq.
(2c) in terms of compliances, which is not equivalent to the mLS
estimate from Eq. (2c) since the properties of the wrapping refer-
ence matrix are deﬁned by the (Reuss-type) compliance tensor
fGg – fGg1. This wrapping matrix of Reuss-type moduli tensor
fGga;b where the dilute phase is the dense one of the bulk and con-
versely has been shown in Franciosi and El Omri (2011) and Franci-
osi (2012) to prevent any long range connexion between inclusions
of the same phase, whether it be dilute or concentrated, what de-
ﬁnes phase co-discontinuity.
In summary, for the two-phase material (a,b), the reference ma-
trix for the mLS estimate is {G}, while for the dual cLS estimate it is
G
n o
a;b
. For the H–S bound type when phase a is embedding phase b
(HSa say) it is Ga and it I s Gb for the converse HSb bound. For the S-
C estimate, it is GeffSCVEllða;bÞ itself.
It has been shown in Franciosi and El Omri (2011) that for any
phase number n the mLS estimate is always interior to the H–S
bounds (HS+,HS-) and so it is as well for the cLS estimate by
duality, owing to the positive deﬁniteness of the involved tensors
and operators.3 By deﬁnition, the effective mLS moduli tensor which
Table 1
The 17 independent moduli of the extended moduli tensor G for MEE properties in a transversally isotropic material, with x3 symmetry axis.
G1111 = CT G1122 = CT
_2lT
G1133 = C⁄ 0 0 0 0 0 G1143 = ZT 0 0 G1153 =MT
G2211 = CT_2lT G2222 = CT G2233 = C⁄ 0 0 0 0 0 G2243 = ZT 0 0 G2253 =MT
G3311 = C⁄ G3322 = C⁄ G3333 = CL 0 0 0 0 0 G3343 = ZL 0 0 G3353 =ML
0 0 0 G(2,3)(2,3) = lL 0 0 0 G(2,3)42 = Z⁄ 0 0 G(2,3)52 =M⁄ 0
0 0 0 0 G(3,1)(3,1) = lL 0 G(3,1)41 = Z⁄ 0 0 G(3,1)51 =M⁄ 0 0
0 0 0 0 0 G(1,2)(1,2) = lT 0 0 0 0 0 0
0 0 0 0 G14(3,1) = Z⁄ 0 G1441 =DT 0 0 G1451 = KT 0 0
0 0 0 G24(2,3) = Z⁄ 0 0 0 G2442 = DT 0 0 G2452 = KT 0
G3411 = ZT G3422 = ZT G3433 = ZL 0 0 0 0 0 G3443 = DL 0 0 G3453 = KL
0 0 0 0 G15(3,1) =M⁄ 0 G1541 = KT 0 0 G1551 = CT 0 0
0 0 0 G25(2,3) =M⁄ 0 0 0 G2542 = KT 0 0 G2552 = CT 0
G3511 =MT G3522 =MT G3533 =ML 0 0 0 0 0 G3543 = KL 0 0 G3553 =CL
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tensors over the unit sphereX is always (in the sense of related qua-
dratic forms) higher than the cLS moduli tensor which result from a
harmonic mean of the same moduli tensors over X. We thus for-
mally have, regardless of the coupling context and for all n number,
GeffHSþVEll P G
effmLS
VEll P G
effcLS
VEll P G
effHS
VEll (in the sense of quadratic related
forms).
2.2. The extended MEE moduli tensor in TI media
One now on considers a fully coupled MEE linear material4 of
overall TI symmetry where extended strain tensor E and stress
tensor S are connected through the extended moduli tensor G.
The TI symmetry axis is taken to be x3 and a general orientation
x(h,/) is deﬁned at angle h from x3 with projection u at angle /
in the x1  x2 plane, from the x1 axis (at / = 0). In the extended
linear behavior law which can be written5 SiJ = GiJKlEKl, the (44)
non zero terms of G reported in the Table 1 (in 12  12 con-
tracted form) reduce, owing to the TI symmetry, to 17 indepen-
dent moduli denoted (CT,CL,C⁄,lL,lT), (DL,DT), (CL,CT), (ZL,ZT,Z⁄),
(ML,MT,M⁄), (KL,KT), respectively elastic (5), electric (2), magnetic
(2), piezo-electric (3), magneto-strictive (3) and magneto-electric
(2). ‘‘L’’ and ‘‘T’’ respectively stand for axial and transverse
directions with regard to x3 and the asterisk for ‘‘mixed’’ terms.
All reported calculations in the following hold for any choice of
appropriately conjugate variables through the appropriate moduli
G. They hold as well for the inverse tensor of the extended com-
pliances G ¼ G1 provided the appropriate interchange of variables
and the use of the dual stress C-operator form
t0VEll
G
¼ G  G : tVEllG : G for the ellipsoid VEll (similarly for t0VG ðrÞ at
any interior point of a general domain V or for the mean operator
t0V
G
over V).
When appropriately setting the lines and columns in Table 1,
the G moduli tensor can be presented in a block diagonal form
which highlights the coupling features between the 17 moduli.
As shown in Table 2, these setting separates four independent
blocks of moduli: one is lT alone which is the only invariant eigen-
value of the tensor, two blocks of 3  3 dimensions are identical
and associate the lL longitudinal elastic shear moduli with the 5
transverse dielectric, magnetic, Piezo-electric, Piezo-magnetic
and Magneto-Electric moduli and a 5  5 block links the 10
remaining moduli (this block involves lT).4 Regardless of more advanced models, access to non linear materials is open by
using step-wise linearization procedures.
5 With SiJ = sij for j = 1,2,3, SiJ = di if J = 4 and SiJ = bi if J = 5, EKl = ekl for
K ¼ 1;2;3; EKl ¼ f 0l if K = 4 and EKl ¼ h0l if K = 5, GiJKl = Cijkl for i,j,k,l = 1,2,3, GiJKl = -
Dil if K = L = 4 and GiJKl = Zijlor Zikl if K or J = 4, GiJKl = Cil if K = L = 5 and GiJKl =Mijlor
Mikl if Kor J = 5, and GiJKl = Kil if K,L = 4,5or 5,4.3. Analytical strain C-operators in MagnetoElectroElastic Media
3.1. The MEE-coupled strain C-operator of inclusions in TI media
According to the notation extension previously summarized,
the extended strain C-operator tVGðrÞ at interior points r of a
domain V in an inﬁnite medium having G properties reads, with
x1 = sinhcos/, x2 = sinhsin/, x3 = cosh:
tVqIJpðrÞ ¼
Z
X
tpqIJpðxÞwVðx; rÞdx; ð4aÞ
which for ellipsoids takes at all interior points r the form:
tVEllqIJp ¼
Z
X
tpqIJpðxÞwEllV ðxÞdx; ð4bÞ
Eqs. (4) represent weighed decompositions over all x directions of
space, with respective weight functions wVðx; rÞP 0;
R
X wV
ðx; rÞdx ¼ 1;8r and wEllV ðxÞP 0;
R
X w
Ell
V ðxÞdx ¼ 1 of tV(r) and tVEll,
on elementary operators tp(x) depending on the moduli G (Franci-
osi and Lormand, 2004). The operator form of Eqs. (4) appears more
or less explicitely in all works using Fourier transform methods to
calculate extended Eshelby and related tensors for coupled proper-
ties since the difference between Radon and Fourier transforms is a
1D Fourier transform along the x direction (Gel’fand et al., 1966).
-The weight function wV(x,r) is, regardless of the coupling con-
text, the inverse Radon transform of the characteristic function
XVðrÞ ¼
R
X wVðx; rÞdx ¼ 1 of V at its interior points r (Gel’fand
et al., 1966), with mean value wVðxÞ over V, whether V be a single
inclusion or a pattern. For an ellipsoid with general orientation of
semi-axes (a,b,c) and volume v = (4p/3)abc, this weight function
is uniform inside V and reads:
wEllV ðxÞ ¼
3
4p
 2 v
3DEllV ðxÞ3
 !
¼ 1
4p
abc
DEllV ðxÞ3
 !
: ð5Þ
In Eq. (5), DEllV ðxÞ is the half breadth (support function) of the ellip-
soid in thex direction (Santalo, 1976). For non ellipsoidal and step-
wise convex inclusions, a relevantly approximate mean weight
function wVðxÞ for V, results from using the breadth or support
function DV(x) of the considered domain (Franciosi and Lormand,
2004). A spheroidal shape of aspect ratio f = c/a with the symmetry
axis c in the x = (h,/) direction, with / arbitrary in a TI medium
with x3 symmetric axis, is described in the material frame x1, x2, x3
by the weight function:
wSphfVðh ;/Þðh;/Þ
¼ f
4p
1
ð1þ ðf2  1Þðsin h sin h cosð/ /Þ þ cos h cos hÞ2Þ3=2
: ð6aÞ
In the case when the spheroidal symmetry axis c is along x3 (h = 0),
the weight function simpliﬁes as:
Table 2
The same extended MEE moduli tensor G as in Table 1, in a block diagonal setting.
31 41 51 32 42 52 12 11 22 33 43 53
31 lL ZT MT
41 ZT DT KT
51 MT KT CT
32 lL ZT MT
42 ZT DT KT
52 MT KT CT
12 lT
11 CT CT  2lT C⁄ Z⁄ M⁄
22 CT  2lT CT C⁄ Z⁄ M⁄
33 C⁄ C⁄ CL ZL ML
43 Z⁄ Z⁄ ZL DL KL
53 M⁄ M⁄ ML KL CL
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1
4p
f
ð1þ ðf2  1Þcos2ðhÞÞ3=2
 !
; 8/ 2 f0;2pg: ð6bÞ
Up to negligible higher order terms in the aspect ratio (Walpole,
1981), inﬁnitely oblate spheroids correspond with laminate layers
and inﬁnitely prolate spheroids correspond with inﬁnite ﬁbres of
circular cross section. Inﬁnite ﬁbres of elliptic cross section with
their axis along the material symmetry axis simply result from a lin-
ear transform of the cylindrical symmetry in the isotropic 2D trans-
verse sub-space.
-The MEEelementary operators. The M(x) =M(h,/) tensor in
the elementary operator tqijpp(x) readsMij = Gpijqxpxq for the elas-
tic case, M = Gpqxpxq for the electric and magnetic cases, a form
which also holds for the magneto-electric coupling. In the MEE
coupled problem, rank-three Piezo-magnetic and Piezo-electric
terms have the form tpqipðxÞ ¼ ðM1ÞiðxÞxqxp with Mi = Gpiq xpxq.
Thus, the MEE elementary operators, related to the inﬁnite med-
ium of moduli G, read, with MIJ = GpIJq xpxq of dimension 5  5:
tpqIJpðxÞ ¼ tpqIJpðh;/Þ ¼ ððM1ÞIJðxÞxqxpÞðiqÞ;ðjpÞ: ð7aÞ
The operator form in Eq. (7a) is for example derived in (Huang et al.,
2000). For the general spheroid case, applying Eq. (4b) with using
the weight function from Eq. (6a) and the elementary operator of
Eq. (7a) yields, for each term qIJp of the strain C-operator of the
spheroid, the integral form:
tSphx
f
qIJp ¼
f
4p
Z 2p
/¼0

Z 1
cosh¼1
tpqIJpðh;/Þ
ð1þðf21Þðsinh sinhcosð//Þþcosh coshÞ2Þ3=2
dcosh
 !
d/: ð7bÞ
For inﬁnitely ﬂat oblate spheroids (platelets or laminates) ofx-ori-
ented normal, one has f? 0 and the weight function in Eq. (7b) spe-
cializes to yield:
tSphx
f!0
qIJp ¼
f
4p
Z 2p
/¼0
Z 1
cos h¼1
 t
p
qIJpðh;/Þ
ð1 ðsin h sin h cosð/ /Þ þ cos h cos hÞ2Þ3=2
dcoshd/:
ð7cÞ
The weight function in Eq. (7c) is inﬁnite for x = ±x which cancels
the denominator and is zero otherwise. It behaves as a double delta
function on / and on cosh. Eq. (7c) amounts to identifying the
strain C-operator terms of the x-oriented platelet to the even
terms with regard to h and / integrals of the elementary operator
tqIJpp(h,/). The converse limit case of Eq. (7b) for f?1 (x-ori-
ented cylindrical ﬁbre) corresponds with all non zero terms in the
(h,/) directions for which the denominator is ﬁnite, say when sinh-
sinhcos (/  /) + coshcosh = 0, what corresponds to the directions
x\x.The following summarizes the technical part of the work which,
although tedious and not of ﬁrst interest, is unavoidable to specify
the results of use in Section 4, say to explicit an appropriate form of
the needed strain C-operators. Although next focussing the
discussion to simple (axially symmetric) composite structures,
the calculation method for the operators is reported for the more
general case. The most cumbersome parts of these calculations
are collected in Appendices A, B, C.
For materials properties having transverse isotropy around the
x3 axis, the M(h,/) operator is /-invariant. We therefore ﬁrst cal-
culate and inverseM(h,0) =M(h), using the general rotation matrix
X (h,/) at / = 0:
Xðh;/Þ¼
coshcos/ sin/ sinhcos/
coshsin/ cos/ sinhsin/
sinh 0 cosh
2
64
3
75; Xðh;0Þ ¼
cosh 0 sinh
0 1 0
sinh 0 cosh
2
64
3
75:
Next, writting (x1 = sinh,x2 = 0 and x3 = cosh), it simply comes:
MðhÞ¼
lLC
2hþCTS2h 0 ðlLþCÞShCh ðZLþZÞShCh ðMLþMÞShCh
0 lLC
2hþlTS2h 0 0 0
ðlLþCÞShCh 0 CLC2hþlLS2h ZLC2hþZTS2h MLC2hþMTS2h
ðZLþZÞShCh 0 ZLC2hþZTS2h DLC2hþDTS2h KLC2hþKTS2h
ðMLþMÞShCh 0 MLC2hþMTS2h KLC2hþKTS2h CLC2hþCT S2h
2
66666664
3
77777775
with
x¼ cosh;MðxÞ¼
a11x2þb11 0 a13x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
a14x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
a15x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
0 a22x2þb22 0 0 0
a13x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
0 a33x2þb33 a34x2þb34 a35x2þb35
a14x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
0 a34x2þb34 a44x2þb44 a45x2þb45
a15x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
0 a35x2þb35 a45x2þb45 a55x2þb55
2
6666664
3
7777775
ð8aÞ
and using
MðhÞ ¼
P 0 Q R W
0 P1 0 0 0
Q 0 P0 Z M
R 0 Z T K
W 0 M K U
2
6666664
3
7777775
; detðMÞ¼ P1:jDj; jDj ¼det
P Q R W
Q P0 Z M
R Z T K
W M K U
2
6664
3
7775;
M1ðhÞ¼
co11=jDj 0 co13=jDj co14=jDj co15=jDj
1=P1 0 0 0
co33=jDj co34=jDj co35=jDj
co44=jDj co45=jDj
co55=jDj
2
6666664
3
7777775
¼
j11ðxÞ 0 j13ðxÞ j14ðxÞ j15ðxÞ
j22ðxÞ 0 0 0
j33ðxÞ j34ðxÞ j35ðxÞ
j44ðxÞ j45ðxÞ
j55ðxÞ
2
6666664
3
7777775
:
ð8bÞ
In this inverted form ofM(h) which identiﬁes with the ﬁrst tensor of
Barnett and Lothe (1975) and is also given in Buroni and Saez
(2010), the 10 non zero coijðhÞ cofactors for ij– 22, reported in
Appendix A, can be expressed from the 10 terms of D(h) whose
determinant jD(h)j = jDj reads:
jDðhÞj ¼ ðPP0  Q2ÞðTU  K2Þ þ ðRM  ZWÞ2  ðPZ þ QRÞðKM
þ ZUÞ þ ðPM þ QWÞðKZ þMTÞ  ðP0Rþ QZÞðKW
þ RUÞ þ ðP0W þ QMÞðKRþWTÞ ð9aÞ
and also, using x ¼ cos h:
jDðhÞj ¼ jDðx2Þj ¼ d0ðx8 þ ax6 þ bx4 þ cx2 þ dÞ: ð9bÞ
The terms M1ij ðhÞ ¼ jijðxÞ for ij– 22 take the form ax
6þbx4þcx2þd
x8þax6þbx4þcx2þd ex-
cept for the 3 terms j1j–1(x),j = 3,4,5, which read
x
ﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
ðrx4þsx2þtÞ
x8þax6þbx4þcx2þd.
M122 ðxÞ ¼ j22ðxÞ ¼ 1P1ðxÞ ¼ px2q ;p ¼ 1=ðlL  lTÞ 2 R and q =
lT/(lL  lT) 2 R  [0,1]. The next step is to calculating tqIJpp(h,0) =
((M1)IJ(h,0)xq xp)(iq),(jp) but the result of this calculation is not
reported since it is a particular case of the general (h,/) orientation
Table 3
The strain C-operator for laminates with general x(h,/)-oriented normal, in the block
diagonal setting.
31 41 51
a
31 j211þj0332j113ð Þcþj222s
4
j034þj114ð Þc
2
j035þj115ð Þc
2
41 j034þj114ð Þc
2
j044c j
0
45c
51 j035þj115ð Þc
2
j045c j
0
55c
32 42 52
b
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elementary operator, all odd terms vanish upon h integration over p
according to Eq. (7b).
In order to keep track of the (3) different forms of the not van-
ishing even terms of tpiKLjðx;0Þ although they all are ﬁnally of the
same type, we have noted (omitting when not confusing the vari-
able x2 for room saving):
ð1 x2ÞjijðxÞ ¼ jð0Þij ; x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
jijðxÞ ¼ jð1Þij ;
x2jijðxÞ ¼ jð2Þij ; ij – 22; ð10aÞ
32 j211þj0332j113ð Þsþj222c
4
j034þj114ð Þs
2
j035þj115ð Þs
2
42 j034þj114ð Þs
2
j044s j
0
45s
52 j035þj115ð Þs
2
j045s j
0
55s
12 11 22 33 43 53
c
12 j011csþ j022 cs2

 2
11 j011c þ j022cs j011  j022
 
cs
22 j011  j022
 
cs j
0
11sþ j022cs
33 j233 j
2
34 j
2
35
43 j234 j
2
44 j
2
45
53 j235 j
2
45 j
2
55ð1 x2Þj22ðxÞ ¼
ð1 x2Þp
x2  q ¼ j
ð0Þ
22 ¼ pþ
ð1 qÞp
x2  q ;
x2j22ðxÞ ¼ jð2Þ22 ¼ pþ
qp
x2  q ; ð10bÞ
with ð1 qÞjð2Þ22 ¼ pþ qjð0Þ22 . These jðlÞij functions, which all read
CoðlÞ
ij
ðx2Þ
jDðx2Þj
for ij– 22, can be written, as is shown in Appendix B:
jðlÞij ¼ jðlÞij ðx2Þ ¼
CoðlÞij ðx2Þ
jDðx2Þj ¼ k
ðl;0Þ
ij 1þ
X4
h¼1
pðlÞijh
1
x2  qh
 !
¼ kðl;0Þij 1þ
X4
h¼1
pðlÞijhghðx2Þ
 !
: ð11Þ
They always fulﬁl the relations j11(1) = j22(1) by symmetry and
jð0Þij ð0Þ ¼ jð2Þij ð1Þ as well as jð0Þij ð1Þ ¼ jð2Þij ð0Þ ¼ jð1Þij ð1Þ ¼ jð1Þij ð0Þ ¼ 0.3.2. The general (h,/)-oriented MEE laminate strainC-operator in TI
media
Once obtained the tp(h,0) operator, the general form for the lam-
inate C-operator, to be denoted tp(h,/) as the elementary operator
but now only considering its even terms in h (coinciding with even
terms in /), is obtained by / rotation the rotation matrix
Rð/Þ ¼
 cos/ sin/ 0
 sin/  cos/ 0
0 0 1
2
4
3
5. Using Eq. (10), the rotation yields
the non zero terms for tp(h,/) as reported in the Table 3a,b,c con-
sistently with the block form given to the extended moduli tensor
in Table 2. The notations ðc;s;c;s; csÞ correspond with the involved
/ trigonometric functions as reported in Table 4, two of which only
are independent. These 28 even terms which depend on the set of
the 18 independent jðlÞij ðx2Þ functions of x2 = cos2h plus 2 indepen-
dent functions of / of the type F(u,v)(/) = cosu/sinv/, deﬁne the
laminate C-operator tp(h,/) of general normal orientation, equiva-
lent to an inﬁnitely oblate inclusion of generalx = (h,/) small axis
direction.6
This operator allows to directly specifying the effective proper-
ties of any MEE-TI, x-oriented laminate structure with common
symmetry axis for all the constitutive phases, just by setting the
values of the angles (h,/) in all the jðlÞij ðx2Þ and F(u,v)(/) functions.
Upon appropriately weighted integration over the unit sphere, it
also allows to specifying, with computational assistance in general,
the effective properties for any architecture of overall ellipsoidal
symmetry. The simplest cases are analytical, as explicated next.6 It is also the MEE ‘‘G operator’’ for any penny-shaped inclusion of general small
axis orientation (h,/) in a TI medium, regardless of its possible in-plane aspect ratio
anisotropy, since compared to the vanishing breadth of such a layer in its normal
direction, all other ones are inﬁnitely large whether they be all equal or not, and all
consequently contribute zero to the weight function.3.3. Explicit MEE strain C-operators for laminated and ﬁbered
assemblages
Only the strain C-operator being of concern in the following,
one stops specifying ‘‘strain’’ from now. Using this C-operator dis-
tribution for all laminate orientations over the space, calculations
of C-operators from using Eq. (3) are at reach numerically for all
ellipsoidal domains and analytically for particular ones. They result
from the calculation of all the functions jðlÞij ðx2Þwhich are totally de-
ﬁned from Eqs. (8) and (9), given the material MEE moduli and
from the appropriately weighted integration of the products
jðlÞij ðx2ÞFðu;vÞð/Þ over the unit sphere.
For interior points of general ellipsoids, the integrals to be per-
formed formally read:
Jlðu;vÞijðVÞ ¼
Z 2p
/¼0
Z 1
x¼1
jðlÞij ðx2ÞwEllV ðx;/Þdx
 
Fðu;vÞð/Þ d/
¼ kðl;0Þij
Z 2p
/¼0
Z 1
x¼1
ð1þ pðlÞij gðx2Þ
D E
h
ÞwEllV ðx;/Þdx
 
Fðu;vÞð/Þ d/
¼ kðl;0Þij
Z 2p
/¼0
1þ pðlÞij
Z 1
x¼1
gðx2ÞwEllV ðx;/Þdx
 
h
 
Fðu;vÞð/Þ d/
¼ kðl;0Þij
Z 2p
/¼0
1þ pðlÞij Ið/Þq
			
V
D E
h
 
Fðu;vÞð/Þ d/: ð12Þ
They are solved from calculating ﬁrst Ið/Þq
			
V
¼ R 1x¼1 gðx2ÞwEllV ðx;/Þdx
and then Iqjðu;vÞV ¼
R 2/
/¼0 I
ð/Þ
q jVFðu;vÞð/Þd/ for the 1 + 4 functions (g
(x2),gh(x2)) which always are of a same type, the fourfold group
(h) associating two conjugate pairs, each possibly being real or com-
plex valued, while g(x2) is always real valued as justiﬁed in Appen-
dix B. Although analytically deﬁned, the calculation of the functions
jðlÞij ðx2Þ remains tedious in general and so it is as well for the double
integrals of Eq. (12) in the general ellipsoid case. Solutions have
been reported for various ellipsoidal shapes in ME, EE or MEE-TI
context from different calculation methods. Mains steps of these
calculations from the here used ‘‘Radon method’’ are summarized
in Appendix B. The solution of the integral in Eq. (12) is reported
in Appendix C, together with the related primitive function (of
interest to calculate Green operators at exterior points of inclusions
Table 4
The coefﬁcients from the /-isotropic and /-elliptic integrals in the x1–x2 plane for the axial ﬁbres.
cos2 / ¼ c cos4 / ¼ c sin2 / ¼ s sin2 / cos2 / ¼ cs sin4 / ¼ c
Circular section q = 1 1
2
3
8
1
2
1
8
3
8
q-Elliptic section along x2 q
1þq
qð1þ2qÞ
2ð1þqÞ2
1
1þq
q
2ð1þqÞ2
qþ2
2ð1þqÞ2
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terns) for axial spheroids as well as for general ﬁbres with in-axes
elliptic cross section, as deﬁned. Axial and transversal laminate as
well as axial cylinders, with regard to the material symmetry axis,
are the more examined situations in the literature, for the more
manageable. They have simple analytical forms by the present
Radon approach as well. This latter general ﬁbre case, which to
the author knowledge has not been given a solution in the
literature, includes all the limit cases of axially and transversally
oriented laminated and ﬁbered assemblages exemplifying the dis-
cussion purpose on co-(dis) continuous materials in Section 4.
3.3.1. The laminates of axially or transversally oriented normal
The speciﬁcation of the laminate C- operator for a (x,/) nor-
mal direction only needs to set the x and / values in the general
laminate C- operator terms and to explicit the functions jðlÞij ðx2Þ
from Eqs. (8).
3.3.1.1. Laminate of axially oriented normal. Setting h = 0(x2 = 1), one
has for the coefﬁcients of the M(h) operator, Q = R =W =
0,P1 = P = lL,P0 = CL,Z = ZL, M =ML,K = KL,T =DL,U = CL, with jDðx2 ¼
1Þj ¼ lL CLDLCL  2ZLKLML  DLM2L þ CLK2L þ CLZ2L
  
¼ lL:dL. The
functions gh(x2) contribute as gh(1) = 1/(1  qh) times pðlÞijh. With
j11(1) = j22(1) = 1/lL, one obtains the 7 independent (h = 0,/) non
zero terms "/ which are collected in Table 5. When all coupling
terms are removed, Z =M = K = 0 and —Dunc(0)— = lL(CLDLCL) = lL.-
lL(CLDLCL) = lL.dLunc. For all MEE coupling situations, the (elastic)
terms tpi3i3ð0;/Þ ¼ 1=4lL for i = 1,2 (due to the equality
j211ð0Þ ¼ j222ð0Þ ¼ 1=4lLÞ do not suffer any coupling effect. In the
block diagonal setting of the tensors and operators, the block 3x3
for lines/columns (10,11,12) of tp(0,/) is the inverse of the related
block GL ¼
CL ZL ML
ZL DL KL
ML KL CL
2
4
3
5 of G (determinant dL).
3.3.1.2. Laminate of transversally oriented normal. Setting h = p/2 (or
x2 = 0), the coefﬁcients of M(h) are Q = R =W = 0,P1 = lT,P0 = lL,-
= R =W = 0,P1 = lT,P0 = lL,P = CT,Z = ZT, M =MT,K = KT,T = DT,U =CT,
with jDðx2 ¼ 0Þj ¼ CT lLDTCT þ 2ZTKTMT  DTM2T þ lLK2Tþ

CTZ
2
TÞÞ ¼ CT :dT. The functions gh (x2) contribute as gh(0) = 1/qh
times pðlÞijh. It results in the 16 non zero operator terms for the /-ori-
ented transverse laminate reported in Table 6a,b,c in block form
and using the ðc;s; c;s; csÞ notation for the / functions. Dropping
coupling terms, Z = M=K = 0 and jDunc(p/2)j = CT(lLDTCT) = CT.dTunc.
For all MEE coupling situations, the (elastic) terms
tpiiiiðp=2;/Þ; tpiijjðp=2;/Þ and tpijijðp=2;/Þ; i; j ¼ 1;2 do not suffer cou-
pling effects. With / = 0 (resp. / = p/2) it comes the laminate case of
x1 (resp. x2)-oriented normal.
3.3.2. The axially oriented ﬁbres with general /-oriented elliptic cross
section
Since h = p/2, the functions gh(x2) contribute as gh(0) = 1/qh
times pðlÞijh. The C-operator for the axial cylinder directly results
from the /-integration in the x1-x2 plane of the C-operator of
the general transversally /-oriented laminate given Section 3.3.1,
time the weight function 1/2p. This amounts to substituting thecosine functions by the coefﬁcients reported in Table 4, line 1. Con-
sidering an x3-oriented ﬁbre with elliptic cross section of stretch q
along the x2 axis, deﬁned by the transform tg/ = qtga, the func-
tions wð/Þ ¼ 12p ; cos
2 /
2p and
cos4 /
2p of the cylinder case are replaced with
the functions wqðaÞ ¼ q2p 1þtg
2a
1þq2tg2a ;
wqðaÞ
1þtg2a and
wqðaÞ
ð1þtg2aÞ2. Their integral
values for a 2 {0,2p} yield the coefﬁcients reported in Table 4, line
2. When q? 0 or q?1 one retrieves the transverse laminates
(ﬂat ﬁbre) cases h = p/2 with / = p/2 and 0 respectively. Using
the coefﬁcients given for the functions /, one directly obtains the
10 independent non zero terms collected in Table 5 for the axial ﬁ-
bre operator tFf(0,p/2) for an x1–x2 oriented elliptic cross section,
reducing to 9 for the circular section when q = 1. An axial ﬁbre with
a /-oriented ellipticity is easily obtained, if needed, with applica-
tion of the already used R (/) rotation matrix. As for the transverse
laminates, for all MEE coupling situations, the (elastic) terms
tFcylx3iiii ; t
Fcylx3
iijj and t
Fcylx3
ijij ; i; j ¼ 1;2, do not suffer any coupling effect.
The terms referring to the x3 axis with index pair 3L (L = 3,4,5)
are zero. The transversal isotropy implies tFcylx31111  tFcylx31122 ¼
2
8CT
þ 28lT ¼ 2t
Fcylx3
1212 . In the block diagonal setting, the blocks 3x3 for
the lines/columns (1,2,3), (4,5,6) are the inverse of the related
blocks GT ¼
lL ZT MT
ZT DT KT
MT KT CT
2
4
3
5 of G (determinant dT).4. Compared effective moduli of various axially symmetric two-
phase assemblages in MEE-TI media
We here compare the effective extended moduli estimates
introduced in Section 2, which are calculated according to Section
3 for various axially symmetric two-phase assemblages in the
MEE-TI context. Our purpose is not to compare these calculations
to previous calculations of the same estimates and for the same
structures (when they exist) in a search for a better accuracy.
The ﬁrst objective is to compare, for an arbitrarily chosen two-
phase (A,B) material, the ‘‘classical’’ estimate types HSA, HSB and
S-C, well established to correspond with identiﬁed phase architec-
tures, with the newly introduced mLS, cLS estimate types as repre-
sentative of composites with co-continuous (resp. co-
discontinuous) phases as deﬁned. We are ﬁrstly interested in
how these new LS estimates range with regard to the other esti-
mates in a more general context than the isotropic elasticity one
examined so far. The second objective is to point, in opening of a
dedicated work to come, some further interest of available relevant
estimates for composites with co-(dis) continuous phases in addi-
tion to the estimates for inclusion-reinforced matrices.
All calculations have been performed within the same accuracy,
which is the accuracy of the mean ﬁeld and non interaction
approximation. The calculation correctness has been validated
from checking that major expected requests were fulﬁlled by the
calculated estimates, such that:
– all ﬁve estimates yield the same effective moduli tensor for
directional laminate structures, easily veriﬁed equal to the
available exact solution from the continuity/equilibrium condi-
tions at the interfaces,
Table 5
The strain C-operator for laminates with x3-oriented normal, in the block diagonal setting.
31 41 51 32 42 52 12 11 22 33 43 53
a
31 1
4lL
41
51
b
32 1
4lL
42
52
c
12
11
22
33 DLCLK2L
dL
MLKLZLCL
dL
ZLKLMLDL
dL
43 MLKLZLCL
dL
CLCLM2L
dL
MLZLCLKL
dL
53 ZLKLMLDL
dL
MLZLCLKL
dL
CLDLZ2L
dL
Table 6
The strain C-operator for x3-oriented ﬁbres of elliptic cross section in the block
diagonal setting.
a 31 41 51
31 DTCTK2T
dT
c
MTKTZTCT
dT
c ZTKTMTDTdT c
41 MTKTZTCT
dT
c lLCTM2T
dT
c
MTZTlLKT
dT
c
51 ZT KTMTDT
dT
c MTZTlLKT
dT
c lLDTZ
2
T
dL
c
b 32 42 52
32 DTCTK2T
dT
s
MTKTZTCT
dT
s ZTKTMTDTdT s
42 MTKTZTCT
dT
s lLCTM2T
dT
s
MTZTlLKT
dT
s
52 ZT KTMTDT
dT
s MTZTlLKT
dT
s lLDTZ
2
T
dL
s
c 12 11 22 33 43 53
12 cs
CT
 cs2lT þ
cþs
4lT
11 c
CT
þ cslT
cs
CT
 cslT
22 cs
CT
 cslT
s
CT
þ cslT
33
43
53
7 For two phases a andb, Eqs. (13a)–(13d) use, for the relevant matrix phase in each
case, the C-operator for an inﬁnitely prolate spheroid (a cylindrical ﬁber) in the x3
direction. Eq. (13a) come from Eq. (1a) when n = 2 either taking a or b as the matrix,
say the classical H–S bounds or estimates for two-phase materials); Eq. (13b) is the
direct application of Eq. (1c) (the S-C estimate) for the same x3-ﬁber like shape; Eqs.
(13c) and (13d) are the laminate system (LS) estimates respectively, directly given by
Eqs. (2c) and (3c) for this same x3-ﬁber shape. Eq. (13e) is the exact solution for the
laminate system estimate of x3 normal, using the x3-oriented laminate operator, for
which all ﬁve estimates from Eqs. 1a (n = 2), 1c, 2c, 3c are equal.
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which are eigenvalues (as is always the case of lT) range as
expected, with the mLS, cLS and SC estimates between the H–
S bounds, and with mLS > cLS as deﬁned,
– all effective moduli join the modulus of phase A at zero concen-
tration of phase B to the modulus of phase B at zero concentra-
tion of phase A, as expected for congruent and homothetically
distributed inclusions,
– performed comparisons in simple cases with other calculations,
not to be reported for room saving, proved in good agreement,
– conversely, no indicator of remaining error or incorrectness has
been encountered.
The typical two-phase structures of concern are axially sym-
metric with regard to the common (x3) TI symmetry axis of both
phases A and B. Each are each related to a three-phase equivalent
material where an inﬁnitesimal wrapping matrix embeds the ﬁbres
of both phases A and B as illustrated in Fig. 1: when (Fig. 1 left) thewrapping matrix has the same moduli as those of one of the
assembled phases A or B, the assemblage types correspond with
either phase A embedding congruent ﬁbre-like inclusions of phase
B or conversely, the effective properties of which are given by
the H–S bound types (HSA, HSB) for this ﬁbered symmetry; When
the properties of the wrapping matrix are taken to be identical to
the effective properties of the assemblage of the two phases A
and B, this assemblage corresponds with a random aggregate of
congruent ﬁbres of both phases and the effective properties corre-
spond with the Self-Consistent (SC) estimate type; When the wrap-
ping matrix is being given the Voigt moduli or the Reuss moduli of
the harmonic two-phase material (the material with reversed con-
centrations), these ﬁbre structures respectively correspond with
co-continuous (Fig. 1 middle) and co-discontinuous (Fig. 1 right)
two-phase composites, of relevant mLS and cLS estimate types
respectively.
These ﬁve estimate types (HSA, HSB, S-C, mLS, cLS) which rep-
resent different ﬁbre arrangements are characterized (and differ
only) by the inﬁnitesimal reference matrix they correspond with.
The analytical forms of these estimates are given by the speciﬁc
two-phase forms of Eqs. (1)–(3)7, say:
GeffHSaFibx3 ¼ Ga  fb Ga  Gb  fatFx3Ga
 1
;
GeffHSbFibx3 ¼ Gb  fa Gb  Ga  fbtFx3Gb
 1
; ð13aÞ
GeffSCFibx3ða;bÞ ¼ hGi þ GeffSCFx3ða;bÞ  Ga
 
: tFx3
GeffSC
Fibx3ða;bÞ
: GeffSCFx3ða;bÞ  Gb
 
; ð13bÞ
GeffmLSFibx3ða;bÞ ¼ hGi þ ðfGg  GaÞ : tFx3fGg : ðfGg  GbÞ; ð13cÞ
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Fig. 2. The weakly coupled lL shear modulus (left) and the invariant lT shear modulus (right) of two-phase MEE-TI axially ﬁbered materials versus the concentration of phase
A (Table 7).
Table 7
The general effective moduli types for axially symmetric laminates and ﬁbered structures.
lL DT CT ZT MT KT lT CT CL DL CL C⁄ Z⁄ M⁄ ZL ML KL
Lam. R V V # # # V # R R R # # # R R R
Fib. R R R R R R – – – V V – – – – – –
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 
: fGg fGg : tFx3
fGg
: fGg
 
: ðfGgGbÞ
 1
:
ð13dÞ
Note that in Eq. (13d), the middle term fGg  fGg : tFx3
fGg
: fGg is,
according to the here used notations, the expression for the dual
stress C-operator t0Fx3fGg in terms of the strain one t
Fx3
fGg
related to the
medium of moduli fGg. For the axially-oriented laminates, the exact
solution reads:
GeffmLSLamx3ða;bÞ ¼ GeffcLSLamx3ða;bÞ ¼ GeffSCLamx3ða;bÞ ¼ GeffHSaLamx3ba ¼ GeffHSbLamx3ab
¼ hGi þ ðfGg  GaÞ : tLx3fGg : ðfGg  GbÞ: ð13eÞ
In terms of calculations, it is worth to underline that the block diag-
onal setting of the C-operators and of the moduli tensor is very
helpful in all cases which call for one or several tensor inversion.
This is of concern for the H–S estimates and (repeatedly) for the
SC one. The calculation of the overall effective moduli tensor can
be performed separately for each diagonal block. It is noteworthy
also that the calculation of the LS estimates do not call for any ten-
sor inversion.
4.1. General features of the compared estimates
In both the laminate and the ﬁbre cases here examined, several
of the moduli are simultaneously equal either to the Voigt-type
bound GeffVða;bÞ ¼ hGi or to the Reuss-type one GeffRða;bÞ ¼ hG1i1 ¼ hGi.
While in any laminate case, all ﬁve estimates yield the same solu-
tion, in the ﬁbre cases, the ﬁve compared estimates differ for sev-
eral moduli. The block diagonal setting of the tensors and operators
is helpful in quickly identifying, which operator terms are coupled
and which of them will remain invariant or not with the phase
arrangement: it is easy to verify that for all moduli blocks corre-
sponding to a null contribution of the related C-operator block,
for all arrangements the effective block moduli estimate is equalto the Voigt one. One can also verify that for blocks of the C-oper-
ator which are exactly the inverse of the block of the G tensor they
correspond to, all arrangements yield the Reuss estimate for these
moduli block. The proofs are brieﬂy sketched in Appendix D. There
is little interest to plot these effective moduli, especially when they
obey the Voigt upper bound which is linear.
In the estimates for the ﬁbre arrangements, 6 moduli are Reuss-
invariant regardless of the phase assemblage but are coupling-
dependent, that is (Table 7) lL,DT, CT, ZT, MT, and KT. The shear
modulus lT is independent on the coupling but varies differently
for the different phase arrangements. The 10 other moduli which
are in the 5x5 block both depend on the coupling and on the phase
arrangement. In the absence of coupling, the moduli DL,CL are Voi-
gt-invariant eigenvalues regardless of the phase assemblage. This
information of general value is summarized in Table 7 in the
MEE coupled context for the axial ﬁbered and layered symmetries.4.2. Phase co-continuity and co-discontinuity effects on the estimates
for ﬁbre arrangements
The considered M,E,E phase moduli values for the following
comparison purpose are inspired from the literature and are close
to those of the frequently referred two-phase composite BaTiO3-
CoFe2O4 since Li and Dunn (1998a,b), also used for example in
Huang et al. (2000), Li (2000), Zhang and Soh (2005) and Bravo-
Castillero et al. (2008) among many others. For the purpose of
simplifying and making more readable the present comparison of
various estimates not much different on certain of the moduli,
and since there is no intent to present any improved estimate with
regard to previous ones, the elastic contrast as well as the electric
and the magnetic moduli have been arbitrarily increased while non
modulus is negative. Elastic moduli for phase B are those un-
changed of CoFe2O4, while for phase A the elastic moduli of BaTiO3
divided by 10 have been used, as reported in Table 8. As also indi-
cated in Table 8, the magnetic moduliCL, CT are increased by a fac-
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Fig. 3. The CT modulus of two-phase MEE-TI axially ﬁbered (left) and laminated (right) materials and the in the uncoupled property case, versus the concentration of phase A
(Table 7).
Table 8
The phase moduli values for the reported moduli comparisons in Figs. 2–6.
lL DT CT ZT MT KT lT CT CL DL CL C⁄ Z⁄ M⁄ ZL ML KL
A 43  108 1.12  103 5  103 4.4 0.0 0.0 44.5  108 166  108 162  108 1.26 103 10  103 78  108 11.6 0.0 18.6 0.0 0.0
B 45.3  109 0.8  105 5.9  10 1 0.0 580.3 0.0 56.5  109 286  109 269.5  109 0.93  105 1.57  10 1 170  109 0.0 550 0.0 699.7 0.0
Unit Pa C2/Nm2 Ns2/C2 C/m2 N/Am Ns/VC Pa Pa Pa C2/Nm2 Ns2/C2 Pa C/m2 N/Am C/m2 N/Am Ns/VC
1024 P. Franciosi / International Journal of Solids and Structures 50 (2013) 1013–1031tor 103 and the electric moduli DL,DT by a factor 105 compared
with those of the BaTiO3-CoFe2O4 couple of materials. The units
of the different moduli used in the numerical comparisons are re-
called in Table 8 as well.
Comparisons are reported, in terms of the phase A concentra-
tion, for three different coupling situations: (i) fully uncoupled
M,E,E properties of the A and B phases, canceling all coupling mod-
uli in Table 7, (ii) a phase A of uncoupled M,E,E properties with a
Piezo-Magnetic phase B, canceling all the coupling moduli in phase
A plus the PE and ME coupling in phase B in Table 7 and (iii) a
Piezo-Electric phase A mixed with a Piezo-Magnetic (magneto-
strictive) phase B, respectively canceling the PM and ME coupling
for phase A and the PE and ME coupling for phase B (Table 7).
In the uncoupled situation, the extended moduli tensor is
almost diagonal except for the elastic moduli block
CT CT  2lT C
CT  2lT CT C
C C CL
2
4
3
5 which is a part of the 5x5 block. The
only moduli suffering coupling are consequently the CT, CL, C⁄
and lT moduli, what corresponds to the intrinsic coupling between
the elastic moduli in the TI symmetry. Each of these moduli are
expected different for the ﬁve estimates of axially ﬁbered
structures, between the HS bounds and are expected equal to the
superimposed HS bounds for the axially laminate structure. The
Fig. 2 left ﬁrst plots the longitudinal shear modulus lL for the axi-
ally ﬁbered structures, which is an example of Reuss-type modulus
for all structures (this modulus is weakly sensititive to coupling ef-
fects, even with the here arbitrarily increased electric and mag-
netic moduli, due to the dominant contribution of the shear
modulus in its diagonal moduli block). The Fig. 2 right reports
the related transverse shear modulus lT, which is coupling invari-
ant. This is the only eigenvalue appearing in the moduli tensorfrom no coupling to full MEE coupling. The modulus CT is reported
on Fig. 3 left for the ﬁbered structures and Fig. 3 right for the
laminate structure. In the laminate case, the 5 equal CT estimates
are between the V and R bounds.
The Fig. 2 right and Fig. 3 left trigger the ﬁrst comment of major
concern in the present work: as already observed for the isotropic
elastic case in Franciosi and El Omri (2011), in the cases when the
H–S estimates are not equal, the S-C and the mLS estimates appear
for most of the moduli to vary between the HSA and the HSB
bounds in somehow opposite manner, what for the mLS estimate
is consistent with phase co-continuity at all concentrations in the
following sense: while the dilute phase becomes included (frag-
mented) in the aggregate structure such that the S-C estimate ap-
proaches the HS bound for the dense phase as matrix, the mLS
estimate is ‘‘pulled’’ towards the HS bound for the dilute phase
as matrix, as a consequence of a dilute phase remaining sample
spanning down to inﬁnitesimal in the co-continuous structure.
When similarly comparing the S-C estimate with the cLS esti-
mate, a somehow converse’’ feature appears to apply with regard
to the co-discontinuity effect on the effective stiffness: when the
concentrate phase becomes continuous in the aggregate structure
such that the S-C estimate approaches the HS bound for the dense
phase as matrix, the cLS estimate is pulled towards the HS bound
for the dense phase as included, as a consequence of a dense phase
remaining fragmented up to total concentration.
This is well visible for the lTmoduli on Fig. 2 right and for the CT
moduli on Fig. 3 left.
It has been recalled that the mLS and cLS estimates have been
proved to always be interior to the H–S bounds and that the mLS
estimate is always larger than the cLS estimate by deﬁnition,
regardless of the coupling context for positive deﬁnite tensors. As
a consequence of these two properties, the mLS, cLS and S-C esti-
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Fig. 5. Transversal magneto-electric moduli KT for a piezo-electric phase A assembled with a piezo-magnetic phase B in an axially ﬁbered (left) or laminated (right) composite
versus the concentration of phase A (Table 7).
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phase B versus the concentration of phase A (Table 7).
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diate domain for which the S-C estimate is between the mLS and
cLS ones, a stiff-side domain where the S-C estimate is above both
LS ones and a compliant-side domain where it is below. This is ob-
served for all compared effective moduli when they depend on the
phase arrangement, whatever is the coupling mode, as exempliﬁed
in the case of an uncoupled phase with a P-M phase in the Fig. 4
which shows the same kind of differences for the effective P-M
moduliML (left) andM⁄ (right) and as it will appear also in the sub-
sequent ﬁgures and although these moduli are not eigenvalues.
For the third coupling example, a mixture of a P-E and a P-M
phase is well known to induce an effective magneto-electric
(M-E) coupling although none of the phases is M-E. This effective
M-E coupling is of Reuss type for the KT modulus, regardless of
the ﬁbre arrangement, but it is arrangement dependent for the KL
modulus as shown in Figs. 5 and 6. These ﬁgures compare with
the M-E coupling from the axial laminate arrangement, for whichKL is of Reuss type while KT is between two and three orders of
magnitude higher the KL value as known (Chen et al., 2002;
Shashidhar and Li, 2006; Brenner and Bravo-Castillero, 2010). In
the ﬁbre cases, the different KL values are conversely three orders
of magnitude higher than the (Reuss type) KT one, as also reported
(Huang et al., 2000; Bravo-Castillero et al., 2008).
It is noteworthy that while no induced M-E coupling shows up
from the Voigt limit (arithmetic average), the Reuss limit does pro-
vide non zero effective KL and KT moduli, owing to the double
inversion in the harmonic averaging of the phase moduli.
Examining in more detail, in the ﬁbre case, the comparison for
this KL coupling modulus which exhibits a different maximum
from the different estimates, one sees that in the transverse direc-
tion to the ﬁbres, tuning the phase co-(dis) continuity can allow to
signiﬁcantly moving the concentration of optimum effect, and can
also modify signiﬁcantly the maximum level attainable. A similar
investigation could be performed for aggregates of spherical (or
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Fig. 6. Longitudinal magneto-electric moduli KL for a piezo-electric phase A assembled with a piezo-magnetic phase B in an axially ﬁbered (left) or laminated (right)
composite versus the concentration of phase A (Table 7).
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complex and hardly analytical) calculations either from the present
Radon-based method of from any other available one, and similar
conclusions would result. The two LS estimates can be extended
to n phases as shown in Franciosi (2012), so providing estimates
for any n-phase composites of overall eppisoidal symmetry
in which all or none phases are continuous. But another major
interest of these LS estimates made available for various cou-
pling contexts is introduced and exempliﬁed in the following
section.
4.3. The basic phase arrangements in two-phase composites
As pointed in the introduction, the four basic spatial arrange-
ments of two phases A, B in relative concentrations fA,fB = 1  fAare a discontinuous phase A (resp. B) embedded in a continuous
phase B (resp. A), a mixture of co-continuous phases A and B and
a mixture of co-discontinuous phases A and B.
Lets denote P(CA) (resp. P(DA)) the probability that phase A is
continuous (resp. discontinuous) in the (A,B) assemblage. One has
P(CA) = 1  P(DA) and similarly for B, P(CB) = 1  P(DB). Since each
of the two states CA, DA of phase A can be associated with any one
of the two states CB, DB of phase B, P(CA) and P(DA) (resp. B), read:PðCAÞ ¼ PðCAÞ:ðPðDBÞ þ PðCBÞÞ ¼ PðCADBÞ þ PðCACBÞ; resp: PðCBÞ
PðDAÞ ¼ PðDAÞ:ðPðCBÞ þ PðDBÞÞ ¼ PðDACBÞ þ PðDADBÞ; resp: PðDBÞ:
Thus, knowing P(CA) and P(CB) for a two-phase structure of speci-
ﬁed ellipsoidal overall symmetry allows to adjusting the effective
P. Franciosi / International Journal of Solids and Structures 50 (2013) 1013–1031 1027properties (named ‘‘CCDD’’) using the H–S and LS estimate pairs for
the same symmetry according to the probability sum:
GeffCCDDA;B ¼ PðCADBÞGeffHSABA þ PðCACBÞGeffmLSA;B þ PðCBDAÞGeffHSBAB
þ PðDADBÞGeffcLSA;B : ð14Þ
For symmetrically arranged two-phases, as it is supposed to be
when laminate systems are relevant, one also has PðCAÞjfA¼f ¼
PðCBÞjfA¼1f such that all four probabilities are linked and deﬁned
by a single function.
It thus turns out that the knowledge of property estimates for
co-continuous and co-discontinuous phase arrangements together
with the knowledge of property estimates for one phase
embedding the other is likely to provide from Eq. (14) the property
estimates for a large variety of (two-phase) architectures, given the
occurrence probability of each of the four phase arrangements. The
here proposed LS estimates as relevantly representing the co-con-
tinuous and co-discontinuous assemblages of phases A and B
therefore come to well complement the H–S estimates which are
known to be relevant to representing phase A (resp. B) discontinu-
ous embedded in phase B (resp. A) continuous.
As a simple example of the above statement, lets consider a ran-
dom two-phase material A, B, which has a symmetric architecture
with regard to the two phases A and B, such as to only need one
probability function in Eq. (14): owing to randomness, the
probability of phase A being continuous in B can be expected to
have the form of the percolation probability (Frary and Schuh,
2007):
PðCAÞjfA ¼max 0;
fA  fpA
1 fpA
 b !
; 0 < b < 1: ð15Þ
According to the characteristic of the function in Eq. (15), the Eq.
(14) allows to pointing for such a randommaterial that in the dilute
concentration range for phase A where PðCAÞjfA<fpA ¼ 0, (resp. B),
while the phase co-continuity is impossible the phase co-disconti-
nuity is permitted, it also allows to observing that in the intermedi-
ate concentration range, both situations of phase co-continuity and
phase co-discontinuity coexist. It furthermore shows that if phase
co-continuity is restricted to the intermediate concentration range,
phase co-discontinuity has non zero probability at all phase
concentrations.
Now, the S-C estimate or approximation is generally thought
are representing a random material, since corresponding to a fully
disordered arrangement of phases (Kröner, 1961). The fact that it
varies with the phase concentration from one to the other of the
H–S bounds when one phase is dilute and likely embedded in
the other phase, often yields to guess the intermediate S-C domain
as a domain of phase co-continuity (and of percolation in the sense
of phase connectivity inversion). The examination of Eq. (14) leads
to another interpretation, also supported with the three domains
which, in Figs. 2–5, result from the intercept of the S-C approxima-
tion with the mLS and cLS estimates: in the side domains when one
phase is dilute and necessarily discontinuous, the second phase has
a non zero probability to be discontinuous as well and conse-
quently, while co-continuity is totally excluded co-discontinuity
is likely. The S-C approximation thus seems to correspond therein
with a dominant phase partly continuous and partly discontinuous.
In the intermediate domain, all four possible phase arrangements
are present, and if both the probabilities of one phase embedding
the other are present, both the probabilities of phase co-continuity
and phase co-discontinuity are also non zero and can be compara-
bly signiﬁcant. We do not enter further here the comparison of the
proposed CCDD estimate from Eq. (14) with any other estimate
representative of a particular structure and in particular with the
SC estimate taken as representative of a random structure. Detailedexaminations will be the topic of a fully dedicated paper to this
new viewpoint point for estimating effective properties of general
composite architectures. We nevertheless provide in support to the
above statement the simplest example of elastically isotropic and
incompressible two-phase A,B materials with a void phase B: the
Fig. 7 left reports the 5 estimates for the unique (shear) modulus
in this case, two of which (cLS and HSB) are zero at all non zero
void phase concentration, while the S-C estimate is zero below
40% solid phase and linear above. The ﬁgure also reports the CCDD
estimate from Eq. (14) with using the required probability P(CA) in
order to exactly matching the SC approximation, as obtained from
inverse calculation. The Fig. 7 middle shows that this required
probability P(CA) has a form which is very close to the percolation
form of Eq. (15). The Fig. 7 right shows the four related probability
functions (P (CACB), P (CADB), P (DACB), P (DADB)) resulting from
this P(CA) function. This plot clearly shows that the probability of
co-discontinuous phases in the intermediate concentration range
can be even larger that the probability of phase co-continuity
and that the co-continuity domain can be very narrow. It is worth
to mention that according to some preliminary checking these
probability functions are not stable as they should be when varying
the phase contrast, but the variation is to be ﬁrstly attributed to the
fact that all the used estimates are approximations and not exact
solutions. This will be examined in a forthcoming fully dedicated
paper, also to be concerned with extending Eq. (14) to more than
two phases. It is noteworthy that conversely to determining the
effective properties of a given two-phase structures by estimating
the occurrence probability of each of the four possible phase
arrangements, one can ﬁgure the appropriate mixture of these four
arrangements for the tuning of the effective properties we are con-
cerned with. This is of interest in the search for innovative material
architectures with speciﬁc or enhanced properties. When n > 2, the
newly entering phase arrangements in the set of possible ones
correspond to composites with several but not all phases being
co-continuous. Such possibilities were treated in Franciosi et al.
(2011) from a mixed model associating ﬁbre and laminate systems
and from considering in a quite complicated manner the possibility
of partial continuity of each phase (i.e. inﬁnite clusters but with
dead branches). These cases have to be reconsidered in the present
framework within which the ultimate characteristic to represent
the phase connectedness in the considered composite ﬁnally
appears to be identifying the appropriate inﬁnitesimal n + 1th
reference matrix in which all the assembled phases must be
wrapped.
5. Conclusion
Phase co-continuity or phase co-discontinuity in composite
materials yield effective properties relevantly estimated from
using moduli and compliance Laminate System schemes respec-
tively, as previously proved by the author and co-workers in an
elasticity context. The proof comes from the identiﬁed properties
to be given to a n + 1th inﬁnitesimal matrix phase which charac-
terizes these estimates. Owing to their interest, these mLS and
cLS estimates have been here calculated in the enlarged context
of magnetoelectroelacticity (MEE) and for composites of overall
transversally isotropic (TI) symmetry. In the case of two-phase
composites A,B, these new mLS and cLS estimates have been
compared for several typical laminate and ﬁbre structures to
the MEE-extended forms of the classical Hashin–Shtrikman
(HSA,HSB) and Self-Consistent (S-C) estimates, respectively
known to correspond with inclusion-reinforced structures and
to aggregates.
The relevancy of these LS estimates in the situation of phase co-
(dis) continuity in composites provides new analytical tools in the
search for innovative material architectures with speciﬁc or en-
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cLS estimates are expected to allow to determining the effective
properties of any two-phase mixture in various coupling contexts,
provided the occurrence probabilities of all four possible arrange-
ments of the two phases, two of the four probabilities at the most
being independent. It conversely allows the tuning of effective
properties from determining the appropriate mixture of the four
constitutive two-phase arrangements. The extension of this decom-
position to general n-phase materials with n > 2 still demands to
solve the case where several but not all phases are continuous, that
is ﬁnally to deﬁne which n + 1th reference inﬁnitesimal matrix de-
scribes each of these situations. A forthcoming paper will be fully
dedicated to these still partly open questions.Appendix A. The (h,0)-oriented ME E elementary laminate
operators in TI media
The coijðhÞ cofactors for ij– 22 read:
co11ðhÞ ¼ P0ðTU  K2Þ  ZðKM þ UZÞ MðKZ þ TMÞ;
co33ðhÞ ¼ PðTU  K2Þ  RðKW þ URÞ WðKRþ TWÞ;
co44ðhÞ ¼ UðPP0  Q2Þ MðQW þ PMÞ WðQM þ P0WÞ;
co55ðhÞ ¼ TðPP0  Q2Þ  ZðQRþ PZÞ  RðQZ þ P0RÞ;
co34ðhÞ ¼ ZðPU W2Þ þ QðRU þ KWÞ þMðPK þWRÞ;
co35ðhÞ ¼ MðPT  R2Þ þ ZðPK þ RWÞ þ QðTW þ RKÞ;
co45ðhÞ ¼ KðPP0  Q2Þ þWðRP0 þ QZÞ þMðPZ þ QRÞ;
co13ðhÞ ¼ QðK2  TUÞ  RðKM þ ZUÞ WðZK þMTÞ;
co14ðhÞ ¼ RðM2  P0UÞ  QðKM þ ZUÞ WðMZ þ P0KÞ;
co15ðhÞ ¼WðZ2  P0TÞ  RðMZ þ P0KÞ  QðZK þMTÞ:Appendix B. Main properties of the jðlÞij ðx2Þ functions and
calculation of the pðlÞijh coefﬁcients
Main properties of the jðlÞij ðx2Þ functions. The functions jðlÞij ðx2Þ
are polynomial ratios of the form
CoðlÞ
ij
ðx2Þ
jDðx2Þj ¼
kðl;0Þ
ij
x8þkðl;1Þ
ij
x6þkðl;2Þ
ij
x4þkðl;3Þ
ij
x2þkðl;4Þ
ij
x8þax6þbx4þcx2þd for l = 0,1,2 and ij– 22, with k
ðl;0Þ
ij – 0 al-
ways, only needing to solve for
PðlÞ
ij
ðx2Þ
jDðx2Þj ¼
Aðl;1Þ
ij
x6þAðl;2Þ
ij
x4þAðl;3Þ
ij
x2þAðl;4Þ
ij
x8þax6þbx4þcx2þd . Setting
Aðl;uÞij ¼ kðl;uÞij =kðl;0Þij ;u 2 f1;4g, they can be written
CoðlÞ
ij
ðx2Þ
jDðx2Þj ¼
kðl;0Þij
jDðx2ÞjþPijðx2Þ
jDðx2Þj ¼ k
ðl;0Þ
ij 1þ
PðlÞ
ij
ðx2Þ
jDðx2Þj
 
. For ij– 22, the jD(x2)j = 0 equa-
tion which is of at most rank-four in x2 has at most four roots qh.
Ignoring unlikely multiple root cases, it comes:
PðlÞij ðx2Þ
jDðx2Þj ¼
Aðl;1Þij x
6 þ Aðl;2Þij x4 þ Aðl;3Þij x2 þ Aðl;4Þij
x8 þ ax6 þ bx4 þ cx2 þ d ¼
X4
h¼1
pðlÞijh
1
x2  qh
¼
X4
h¼1
pðlÞijhghðx2Þ; ðB1aÞ
jðlÞij ðx2Þ ¼
CoðlÞij ðx2Þ
jDðx2Þj ¼ k
ðl;0Þ
ij 1þ
X4
h¼1
pðlÞijh
1
x2  qh
 !
¼ kðl;0Þij 1þ
X4
h¼1
pðlÞijhghðx2Þ
 !
: ðB1bÞ
Each jðlÞij ðx2Þ function (ij– 22) involves the same unique set of qh
(real or complex) roots, for 0 < h 6 4, of jD(x2)j = 0 and a particular
set of pðlÞijh coefﬁcients, deﬁned as function of the A
ðl;uÞ
ij terms inPðlÞij ðx2Þ=jDðx2Þj;u 2 ð1;4Þ, and of the roots qh. Consequently, each
jðlÞij ðx2Þ function involves the same unique set of functions
ghðx2Þ ¼ 1x2qh. These functions are of the same type as the unique
one g (x2) = 1/(x2  q) which deﬁnes jð2Þ22 ðx2Þ ¼ pð1þ qgðx2ÞÞ and
jð0Þ22 ðx2Þ ¼ pð1 ð1 qÞgðx2ÞÞ with a single real root q = lT/(lL -
 lT) R (0,1), while p = 1/(lL  lT) is real as well.
Complex roots go by conjugate pairs ðqg ; qh ¼ qgÞ associated
with complex conjugate pairs of coefﬁcients pðlÞijg ; p
ðlÞ
ijh ¼ pðlÞijg
 
, while
real roots qh are paired as well and associated with similarly paired
real coefﬁcients pðlÞijh. Real roots qh never belong to the (0,1) interval
value since the general laminate operator must be deﬁned and ﬁ-
nite for any (h,/) values (never canceling jD(x2)j for any x 2 (1,1)).
For partial ME or EE coupling, the maximum root number re-
duces to 3, the unpaired one being always real and associated with
a real parameter. For ME coupling, the maximum root number is 2,
as for the totally uncoupled case between M, E and E properties.
Uncoupled moduli depend on a single function, say on a single real
root and related parameter as (q,p) for g(x2). In all subcases, the
jðlÞij ðx2Þ functions still decompose on ghðx2Þ ¼ 1x2qh function forms.
Eq. (12) for integration holds similarly in all cases, only depending
on the concerned ellipsoidal symmetry.
Calculation of the pðlÞijh coefﬁcients. The paired roots qh can be ta-
ken of the forms q1 ¼ a1 þ a2; q2 ¼ a1  a2; q3 ¼ a3 þ a4; q4 ¼
a3  a4. The terms a1,a3 are always real while if the (q1,q2) (resp
(q3,q4)) root pair is complex conjugate, a2 (resp a

4Þ is imaginary,
otherwise it is real). It is easy to verify that the coefﬁcients ph for
each set (i, j, l) are similarly paired as p1 ¼ b1 þ b2; p2 ¼ b1  b2;
p3 ¼ b3 þ b4; p4 ¼ b3  b4, with terms b1, b3 always real and b2
(resp. b4Þ real or complex together with a2 (resp a4). With denoting
a ¼ Phqh; d ¼Qhqh; c ¼ dPhð1=qhÞ; b ¼PhPh0–hqhqh0 , each
coefﬁcient set b can be shown to read:
b3 ¼ ðe3  e1a1=qÞða3  a1 þ kðða3=fÞ  ða1=qÞÞ þ lððf=f2Þ
 ðq=q2ÞÞÞ1;
b1 ¼ e1  b3; b2 ¼ q
g2 þ fg4
a2ðq  fÞ
; b4 ¼ f
g2 þ qg4
a4ðf  qÞ
;
with e1 ¼ Aðl;1Þij =2; e2 ¼ ðAðl;2Þij  aAðl;1Þij Þ=2; e3 ¼ ðAðl;3Þij  ðc=dÞAðl;4Þij Þ=2d;
e4 ¼ Aðl;4Þij =2d, and where
q ¼ a21  a22; f ¼ a23  a24;
g2
g4
 
¼
e2  a1e1  ða3  a1Þb3
e3  a1e1q  a3f  a1q
 
b3
" #
;
k ¼ a3ðq
Þ2  a1ðfÞ2
a3q  a1f ; l ¼
ðfÞ2
2
f  q
a3q  a1f :Appendix C. Integrals for axial spheroids and general ﬁbres with
in-axes elliptic cross section
Axial spheroids and spheres. The h and / integrals are uncou-
pled in all axially symmetric cases. The weight function of axi-sym-
metric spheroids with aspect ratio 1/f along x3 reads
wSfðx;/Þ ¼ f4p 11þAx2
 2
, with A = f2  1. All x (i.e. h) integrals to solve
"/ have the form ISq
			
f
¼ f4p
R 1
1
dx
ðx2qÞð1þAx2Þ3=2. The sphere case f = 1,
A = 0 simpliﬁes to ISq ¼ 14p
R 1
1
dx
x2q, with the primitive functionR
dx
x2q ¼ tan
1 x=
ﬃﬃﬃﬃqpð Þﬃﬃﬃﬃqp whether q is real (R(0,1)) or complex, such that
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1 1=
ﬃﬃﬃﬃqpð Þ
2p ﬃﬃﬃﬃqp . The primitive function R 1x2q  11þAx2
 3=2
dx for the
general spheroid can be written, whether q is real (R (0,1)) or
complex:
1
1þ Aq
 
Axﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ Ax2
p þ A ﬃﬃﬃﬃﬃﬃqp
ð1þ AqÞ3=2
tanh1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Aqþ 1
q
s
xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ Ax2
p
 !
þ 1ﬃﬃﬃﬃﬃﬃqp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ Aqp
 !
tan1
xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ Ax2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ Aq
q
s !
:
The ISq
			
f
integral over x 2 (1,1) results from the symmetric primi-
tive at x = 1 and multiplying by f/2p. The functions JðlÞijS
			
f
of Eq. (12)
are obtained from multiplying appropriately ISq
			
f
by the / circular
integrals h F(u,v)i corresponding with the coefﬁcients of Table 4, line
1. When f? 0 (A? 1) and f ?1 (A?1), the weight function of
the spheroid is delta-like and non zero for respectively x2? 1 (x3-
oriented cylindrical ﬁbre) and x2? 0 (laminate of x3-oriented nor-
mal), with respective solutions 11q and
1
q .
General x -oriented ﬁbers with in-axes elliptic cross section.
In axes cross sections have one symmetry axis is the isotropic
plane (x1  x2) of the material and the second one in the (x  x3)
plane, x = (h,/). In the coupled (h,/) integration over the unit
sphere, for each / value, the h elementary integral reads:
Ix
 ð/Þ
q
			
f
¼1
2
Z 1
1
fdx
ðx2qÞð1þðf21Þ sinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
cosð//Þþcoshx
 2
Þ3=2
: ðC1aÞ
The second integral over / which involves F(u,v)(/) can be written:
Ix

q
			
fðu;vÞ
¼
Z 2/
/¼0
Ix
ð/Þ
q
			
f
Fðu;vÞð/Þd/: ðC1bÞ
The weight function is always zero except for x .x = 0, equivalent
to integrate the laminate operators of x-oriented normal for x
around x = (h,/). The h integral reduces to a delta function,
the / integral reads:
Ix

q
			ðu;vÞ
f!1
¼
Z 2/
/¼0
1
x2ð/Þjx?x  q
 
Fðu;vÞð/Þd/: ðC1cÞ
Lets deﬁne each unit vector k(k) around x (k(k).x = 0) as
k(k) = ncosk +msin k, with k an arbitrary variable and an orthonor-
mal vector pair n = (sin/,  cos/,0) along v\u in the x1–x2 plane,
and m = (coshcos/, coshsin/,  sinh) normal to x in the u–x3
plane. The projection of k(k) on x3 yields x(k) = cosh (k) = sinhsink
and the (renormalized) projection of k(k) on x1–x2 and then on v
arrives at:
cos/0ðkÞ ¼ cos kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 kþ cos2 h sin2 k
p ; ðC2Þ
having used kðkÞ ¼
sin/ cos kþ cos h cos/ sin k
 sin/ cos kþ cos h cos/ sin k
 sin h sin k
0
@
1
A;x ¼
sin h cos/
sin h sin/
cos h
0
@
1
A and with the angle / 0 = /  / counted from the
direction v. Eq. (C2) is equivalent to tan/ 0(k) = coshtank. A circular
integral over k in the ﬁbre cross section corresponds to a q-elliptic
integral (of symmetry axes u,v) over / in the plane x1–x2, of
q = cosh 6 1 aspect ratio (the radius vector of this elliptic contour
reduces to zero in the u direction when the ﬁbre becomes transver-
sally oriented). For a ﬁbre with in-axes elliptic cross section as de-
ﬁned, with transverse aspect ratio q 2 (0,1), the elliptic integralover k corresponds to a q = qcosh-elliptic integral over / in the
plane x1–x2, 0 6 q 6 q. Consequently, the integral solutions for
x-oriented ﬁbres with in axes elliptic cross section result in an
elliptic integral in the / plane of (u,v) axes. A helpful preliminary
step is solving for the /-isotropic cases at q = 1 (say q = 1/cosh,
for elliptic ﬁbres with a circular section projection normally to the
x3 axis, including not the transversal ﬁbre limit).
/-isotropic ﬁbres. With / = 0 the relation x.x = 0 yields
C2h ¼ x2 ¼ cos2 /cos2 /þG for G = cot2h > 0 real. For a /-isotropic integra-
tion, with Q ¼ Gqq1 (>0 when real for q R (0,1)), and G Q ¼ Gq1,
since 1
x2ðx?xÞq
¼ 11q
 
Gþcos2 /
Qþcos2 / ¼ 11q
 
1þ GQQþcos2 /
 
, the integrals Eq.
(C1c) read:1
1 q
 
1
2p
Z 2p
0
1þ G Q
Q þ cos2 /
 
Fðu;vÞð/Þd/
¼ 1
1 q
 
hFðu;vÞi þ G Q
1 q
 
1
2p
Z 2p
0
Fðu;vÞð/Þd/
Q þ cos2 /
¼ 1
1 q
 
hFðu;vÞi þ 1
q 1
 2
G
1
2p
Z 2p
0
Fðu;vÞð/Þd/
Q þ cos2 /
¼ 1
1 q
 
hFðu;vÞi þ G
ðq 1Þ2
iðu;vÞQ : ðC3Þ
The resulting form in Eq. (C3) issues from a single integral ið0ÞQ equal
to 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðQþ1Þ
p for real and complex Q values, thanks to the recurrence
property iðkÞQ ¼ hcos2ðk1Þi  Qiðk1ÞQ .
The general ﬁbre with in-axes cross section. With q the true
aspect ratio of the ﬁbre cross section and q ¼ q
ﬃﬃﬃﬃﬃﬃ
G
Gþ1
q
its projection
in the x1-x2 plane, one directly introduces the weight function
wqð/0Þ ¼ 12p qð1þtg
2/0 Þ
1þq2tg2/0 for /
0 = / in the x1-x2 plane, such as to consider
the functions:
1
x2ðx?xÞ q
wqð/ÞFðu;vÞð/Þ¼
1
2p
1
1q
 
P
q
1
Pþcos2/

þ G
1q
1
Qþcos2/
 
1
Pþcos2/
 
Fðu;vÞð/Þ; ðC4Þ
with P = q2/(1  q2). Their integrals have the generic forms
IFðh
 ;0Þ
Q ;qðqÞ
			ðu;vÞ ¼ 11q Pq iðu;vÞP þ G1q iðu;vÞQ ;P  with:
IFðh
 ;0Þ
Q ;qðqÞ
			ðu;vÞ ¼ 1
1q
 
P
q
1
2p
Z 2p
0
Fðu;vÞð/Þ
Pþcos2/d/
 
þ G
1q
 
1
2p
Z 2p
0
1
Pþcos2/
 
Fðu;vÞð/Þ
Qþcos2/
 !
d/
!
: ðC5Þ
For the cases corresponding to F(u,v)(/) for (u,v) = (0,0), (2,0), (4,0),
the integrals iðkÞP ¼ 12p
R 2p
/¼0
cos2k /
Pþcos2 /d/ are identical to those obtained
in the /-isotropic cases (where P real R(0,1) substitutes with Q) and:
iðkÞQ ;P ¼
1
2p
Z 2p
/¼0
cos2k /
ðP þ cos2 /ÞðQ þ cos2 /Þd/: ðC6Þ
The resolution of Eq. (C6), also using Gq1 ¼ Qq ;q ¼
ﬃﬃﬃﬃﬃﬃ
P
1þP
q
; Pq ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pð1þ PÞp , yields:
IFðh
 ;0Þ
Q ;qðqÞ
			ðk;0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pð1þPÞp
1q
 !
iðkÞP þ
Q
q
iðkÞQ  iðkÞP
Q P
 !
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pð1þPÞp
qð1qÞðQ PÞ
 !
iðkÞP ððq1ÞQ qPÞþ iðkÞQ Q
 
: ðC7Þ
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oriented normal in the x1–x2 plane F(0,0) = F(0,2) = F(0,4) = 1/
q,F(2,0) = F(2,2) = F(4,0) = 0 at / = 0 since v = (0,  1,0), "G, say
"h 2 (0,p/2);
– when q?1(P? 1), one has F(0,0) = F(2,0) = F(4,0) = f(q,Q) iden-
tically thus F(0,2) = F(2,2) = F(0,4) = 0 and one retrieves the ﬂat ﬁbre
(laminate) limits, from G?1(h = 0, Q?1) for a laminate of
u-oriented normal,  1/q, to G? 0(h = p/2,Q? 0) for a lami-
nate of x3-oriented normal, 1/(1  q).
For cylindrical ﬁbres q = 1,P = G, and P  Q = G  Q such that it
only remains:
IFðh
 ;0Þ
Q ;qðq¼1Þ
			ðk;0Þ ¼ 1
1 q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðGþ 1Þ
p
iðkÞP þ iðkÞQ  iðkÞP
 
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðGþ 1Þp
1 q i
ðkÞ
Q ; ðC8Þ
where Q ¼ Gqq1 in ið0ÞQ ¼ 1ﬃﬃﬃQp ﬃﬃﬃﬃﬃﬃﬃQþ1p ; ið1ÞQ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃ
Q
Qþ1
q
; ið2ÞQ ¼ 12 Q
1
ﬃﬃﬃﬃﬃﬃﬃ
Q
Qþ1
q 
.
The axial limit retrieves the isotropic coefﬁcients of Table 4. The
solution ﬁnally takes the form Ih
 ;/
q
			ðu0 ;v 0 Þ
f!1
¼ ðIFðh ;0ÞQ ;qðqÞ
			ðu;vÞÞFðu0 ;v 0 Þð/Þ
where the pairs (u,v) and (u0,v0) refer to the same / function.
Appendix D. Blocks of effective moduli coinciding with the
Voigt or the Reuss estimate
Take aC operator which has a null diagonal block. From Eq. (1a)
written for the related diagonal block of moduli, it remains
Geff ¼ Gm  Pni¼1fiðDGiÞ1 1
 1
¼ Gm Pni¼1fiDGi ¼ hGi. The
estimate for this block is the Voigt estimate for any matrix choice
m and for any number n of included phases. Take a C operator
which has a diagonal block inverse of the related diagonal block
of matrix moduli. From Eq. (1a) written for this block of moduli,
it comes Geff ¼ Gm : I  Pni¼1fiðDGi : Gm  IÞ1 1 þ I
 1 !
where ðDGi : Gm  IÞ1 ¼ Gi : Gm  I. This gives, when the matrix
is inﬁnitesimal
Pn
i¼1fiðGi : Gm  IÞ
 1
þ I
 1
¼ ððhGi : Gm
IÞ1 þ IÞ1 ¼ I  Gm : hGi and Geff ¼ Gm : ðI  ðI  Gm : hGiÞÞ ¼ hGi.
The estimate for this block is the Reuss estimate for any matrix
choice m and for any number n of included phases.
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